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2. Fundamentals of Logic

Primitive statement:

a datement that can not be broken down into
simpler form and it is eithdrue or false but can
not be both.

Example:
p: John is a student
g. UK s a university

Compound statement:

a datement that is formed of prinug gate-
ments withlogical connectives such as

1. Negaion: p (or, -p)

2. Conjunction:p A q (pandq)

3. Disjunction: pV g (porq)

4. Implication: p - g (pimpliesq)

5. Equvalence: p — g (pif and only ifq)
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"If x =3thenx?=9" isatruestatement
"If x=5thenx+2=11" isafalsestatement

Truth Table: 1: true 0O: false
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Note: Two statements are egualent if their
truth tables are the same.
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Notee (p- Q) — (PV Q)

P - g (notture only if the
implication is violated)

If the hypothesis is not satisfied, then no
matter what truth value has, the
iImplication is not violated

Tautology: a gatement that is alays true

pVvVp
Contradiction: a 4atement that is alays false

PAP

Notations:
T,: tautology
F,. contradiction
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Theorem: a (mathematical) statement that can
be shown to be true.

Example. pV p Is a tautology

p| P | PVDP
01 1
I]0 1

P - (pV g) isatutology

pVag| p-(pVQ)
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L ogical Equivalence: The Laws of L ogic:

- use truth tables and propositions to determine
when tw datements are functionally equi

alent

Def: Two statementss; and s, are said to be
logically equvaent, denoteds; <> s,, when
the truth tables fos; ands, are the same.

Examples.

(p->0q)<=(pVa)
(P—q)<=(p->aA(q - p)

DeMoman’s Law
PAQ <= pV(Q

pVag<= pAQ
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Distributive Law
pA(@QVTr) < (PAQV(PAT)
PV(@ATr) < (pVaA(pVr)
Commutatve Law
pvVg <= qVp
PAQ < gAp
Associatve Law
PA(@AT) <= (PAQ)AT
pvV(@Vr) < (pVagVr

ldempotent Law
pVp<=p; pAp<=p

ldnetity Law
PVF,<=p; pPAT,<=p



Inverse Law
pVpPp<=T,;, pPAP<F,

Domination Law

PVIo<=T,; PpPAF;< F,
Absorpion Law

pV(pAQ)<=p; pA(PVg<=p
Law of Double N@ation

<0

Example. Prove the following is true

(PVaA(PA(pPAQ) <= (PAQ)
LHS<= (pV ) A((PA p) A q)
<= (pVa)A(pAQ)
<= (pPA(PAQ)V(qaA(pAQ))
<= (PAP)AQ)V(PAQ)
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<= (FoAQ)V (pPAQ)

<= F,V(pAQ)

<= pAgq

s. statement imolving only A, V
s . dual ofs, by replacingA\, V, T,,
Fo with V, A, F, T,

Example:
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Theorem 2.1: (The Principle of Duality)

S, {: statements
If s<= tthen s <= t¢

Proof can be preed using Boolean algebra.
However, we will not prove it until Chapter 15.

Subsitution Rule:
(1) P: compound statement and a tautology

If pis a statement that appearsHnand we
replace each occurence pfwith the same
statementq then the resulting compound
statemenQ is also a tautology

Proof. If p is replaced withg, then the same
truth values can be applied wp as well.

Since with these truthalues,P is a tautol-

ogy, Q must be a tautology too.
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(2) P: compound statement

p: a gatement appears

If qis a statement such thas <=> g then if

we replace each occurence pin P with g
then the resulting compound statement

Q=P

Proof. Similar to the aboe ase.

Example:

Smplify (PAQ) -

< (PAQ VT

< (PAQ AT
< (PAQ AT
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How to use logic laws to simplify logic circulits:

Example: Network with one switch:

€ /p@o S

T, T,

Current flows fromT; to T, if the switch p is
closed.

P
(G E— ) G )
T T, n ° 1o
g
PV Qg pA

In the first case, current flows from to T, if
either of the switcheg, g is closed. In the sec-
ond case, current flows frofy to T, if both

switches are closed.
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the following, pree that (a) and (b) are

equvalent.

@—ESW e T
E rJ LJ tr Tz T {;}r Tz

¢ 0 0 0 ¢ 0

(@) (b)
(PVQVI)A(PVIVOA(pVEVT)
pVHaVH)ALVAA[VT))
pVtVaA(QATVT))
pV(tVaOA(GAL) V)
pV(tVAA@QAL)V (Vg AT)
pV(FoV(tV Qg AT))
pV((tVQgAT)



