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11. Graph Theory

Def:  V:non-empty verte or node set
E OV®&V : edge set
G = (V, E) : directed graph onV,
ordigraphonV

Example:
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V={a, b, c, d, e, f, g}

f
\70 E={(a,b), (b,c), (c,a), ...
f

O
d

Note: (@, b) # (b, a)

Def: When there is no concern about the direc-
tion of an edge, the graph is callexddirected.
In this case, an edge betweerm tverticesa and

b is represented bya{ b}.
Note: {a,b} ={b,a}
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{a, a}is aloop fromato a.

If a graph is not specified as directed or undi-
rected, it Is assumed to be undirected.

Def:
G =(V, E) : undirected graph
An x —y walk is a finite alternating sequence

X = XO! e11 X11 621 ey en—].’ Xn_l’ en’ Xn - y

of vertices and edges frofa, garting at er-
tex x and ending atertexy, with then edges
€ :{Xi_l, Xi}, 1<i<n

length = n = no of alges
If n=0, a trivial walk
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When x =y andn > 0, called aclosed walk,
otherwise ppen walk.

X:XOO OX3:y

Def:

If no edge in an walk is repeated, then the
walk is called arail. A closed trail is called a
circuit.

When no ertex of the x—y wak occurs
more than once, then the walk is called a
path. A closed path is called@scle.

(The term "cycle" will alvays imply the pres-
ence of at least 3 distinct edges)

AN :
o 3 \ /
Start AX /O
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For directed graphs, we put "directed” in front
of all the terms defined aba

Theorem:
G =(V, E) : undirected graph
a,b0V, aZb

If there exists drail from a to b then there is
a path from a to b.

Proof.
Let T be the set of all trails fromtob. T
has an element with the smallest lengtlet
P be such a trail. The® must be a path.
Why?
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Def:
G =(V, E) : undirected graph

G is called connected if there is a path
between aytwo dstinct vertices ofs.

< <A

. —0
O

Connected Not connected

A digraph is said to be connected if the asso-
clated undirected graph is connected.

Def:
G =(V,E) (directed or undirected)

A graphG; = (V4, E;) is called asubgraph of
Gif V{1V andE{LE

(edges InE; must be incident with vertices In
V1)
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Def:
G =(V,E) (directed or undirected)

A connected subgraph @ is said to be a
component of G If it is not properly contained
In ary connected subgraph &f.

Notation:

The number of components &f is denoted
by K(G).

Note:
A graph is connected iK(G) =1

Def:
A graphG = (V, E) is called amultigraph if
3 a, b 0V, a# b, such that there are twor
more edges betweea and b (undirected)
(from ato b (directed)).

Def:
multiplicity =3

n —graph: no vertehas multiplicity >n
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Example: (No. 8, page 412)

O O O O

O O O O

Reming ary edge would result in a discon-
nected graph

Can such a graph be characterized using the
concept of graph path? (the entire graph is a
path)

Example: (No. 9, page 412)
If a graph satisfies the amaondition then
- It must be loop-free
- G can not be a multigraph

- |If G hasn vertices then it must v n—-1
edges
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Example: (No. 10, page 412)
a)
f G=(V,E): undirected, VY|=m,
IE| = n, and no loop, then< m?> —m

b)
Since {q,Vy) % (v2,\£1) for digraph without
loops, we heen<m”—m
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11.2 Complements and Graph |somor-
phism
- study the structure of graphs

Def:
G =(V,E) (directed or undirected)

U OV, U is not empty

The subgraph o6 induced byl is the sub-
graph with vertices itJ and all edges (from
G) of the following form

(@) (x,V), X,y JU (G directed), or
(b) {x,y}, X,y JU (G undirected)
This subgraph is denoted by
A subgraphG' of a graphG = (V, E) Is called

an induced subgraph if there «ists ULV
such thatG' = <U>

Note:
An induced subgraph is a subgraph

But a subgraph is not necessary to be an
iInduced subgraph. Why?
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Def:
G =(V,E) (directed or undirected)

G-v=(V-{v}, E'), E' contains all edges
of G except those that are incident with

G-e=(V, E-{e)

Def:
V[=n

K, (the complete graph ow) is a loop-free
undirected graph wheré/ a,b IV, a# b,
there is an edges{ b}

n°-n

> )

(Hence, number of edges kf, =

Examples: n=4,n=5

Def:
G =(V,E): loop-free, undirectedy|=n

K,=(V,E") : complete graph oW
The Complement of G is defined as follows:
G=(V, E-E)
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Def:
G, =(Vy, Ey), G, =(V,, E5) : undirected
f:V; - V,is agraph isomorphism if
(a) f Is one-to-one and onto
(b) {a, b} UE;iff{f(a), f(b)} OE,

In this case(G; andG, are calledsomorphic
graphs (i.e., G; and G, have the same struc-
ture).

Example:
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Notes:

An isomorphism presees adjacencies,
hence, structures such as "paths" and
"cycles".

How to determine if tvo graphs are isomorphic?

- If a ¢ycle in G; does not hae a ounter part
In G, thenG; can not be isomorphic G,.

- If apath inG; does not hae a ©unter part in
G, thenG; can not be isomorphic 6,.

- Degees of adjancof corresponding ertices
In iIsomorphic graphs must be the same.

Example:

The following two graphs are not isomorphic.
Why?
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The number of vertices with degree of adjaic
IS 2 InG4 but the that number i, is 3, or

The number of vertices with degree of adjadc
IS 2 InG4 but the that number i, is 3, or

Each \ertex of G, can be the start point of a tralil
which includes eery edge of the graph. But in
G4, f and b are the only ertices with such a

property.

Example:

If every induced subgraph ofs =(V, E),
V| = 2 is oonnected thel& is isomorphic to
K, wheren = |V|.

(Prove that
IE| = (n? - n)/2.

If |[E| < (n®>-n)/2 then it is possible to find an
iInduced subgraph @ with two dements which
IS not connected.)
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Example:

Find all (loop-free) non-isomorphic undi-
rected graphs with fourevtices. Ho many
of them are connected?

Oedge ledge 2edges 3edges 4edges 5edges 6 edges



