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Abstract. Using a characterization of stable models of logic progr&heas sat-
isfying valuations of a suitably chosen propositional theory, called thefget
duced defining equations’q », we show that the finitary character of that theory
rEqp is equivalent to a certain continuity property of the Gelfond-Lifschitz op-
eratorGLp associated with the program.

1 Introduction

The use of proof theory in logic based formalisms for corstrsolving is pervasive.
For example, in Satisfiability (SAT), proof theoretic matlscare used to find lower
bounds on complexity of various SAT algorithms. Proof tletior methods has not
played as prominent role in Answer Set Programming (ASRh&disms. This is not to
say that there were no attempts to apply proof-theoretiboukstin ASP. To give a few
examples, Marek and Truszczynski in [MT93] used the prbebtetic methods to char-
acterize Reiter's extensions in Default Logic (and thublstaemantics of logic pro-
grams). Bonatti [Bo04] and separately Milnikel [MiO5] degd non-monotonic proof
systems to study skeptical consequences of programs aadldéfeories. Lifschitz
[Li96] used proof-theoretic methods to approximate wellsided semantics of logic
programs. Bondarenko et.al. [BTK93] studied an approacstable semantics using
methods with a clear proof-theoretic flavor. Marek, Nercaled Remmel in a series
of papers, [MNR90a,MNR90b,MNR91,MNR92,MNR94a,MNR94dé¢yveloped proof
theoretic methods to study what they ternmemh-monotonic rule systemghich have
as special cases almost all ASP formalisms that have beilensigrstudied in the liter-
ature. Nevertheless, there is no clear classification affpgpstems for nonmonotonic
reasoning analogous to that present in classical logicS#ddin particular.

In this paper, we define a notion &f-proof schemes, which is a kind of a proof
system that was previously used by Nerode and the authotsdp somplexity issues
for stable semantics of logic programs [MNR94a]. This preydtem abstracts a¥/-
proofs of [MT93] and produces Hilbert-style proofs. The mamotonic character of
our P-proofs is provided by the presence of guards, calledstigportof the proof



scheme, to insure context-dependence. A different buvebguit, presentation of proof
schemes, using a guarded resolution is also possible.

We shall show that we can ugeproof schemes to find a characterization of stable
models viareduced defining equationgvhile in general these defining equations may
be infinitary, we study the case of programs for which all ¢hequations are finitary.
This resulting class of programs, called FSP-programas,dut to be characterized by
a form of continuity of the Gelfond-Lifschitz operator.

The outline of this paper is as follows. In section 2, we pdevihe necessary back-
ground on logic programs and stable model to present ouiltsesn section 3, we
introduce P-proof schemes and the reduced defining equations for a prggrampP
as well as the associated equivalence theorems. In secgtioa discuss the continuity
properties of operators. Finally in section 5, we suggestespossible extensions of our
techniques to the context of certain programs with cardinebnstraints.

2 Preliminaries

Let At be a countably infinite set of atoms. We will study progransststing of clauses
built of the atoms fromdt. A program clause&” is a string of the form

D= qlyeesQmy Ty e ey Ty (1)

m orn or both can bé. The atonp will be called the head of' and denotedead (C').
The set{qu, ..., qn} will be denotedPosBody(C). The set{ry,...,r,} will be de-
noted by NegBody(C). Let us stress that this last set is a set of atoms, not a set of
negated atoms as sometimes is used in the literature. A hpnopositional program
is a setP of such clauses. For anyf C At, we say thatM is model ofC if when-
everqy,...,q, € M and{ry,...,rn} N M = 0, thenp € M. We say thatV/ is a
model of a progran® if M is a model of each claugé € P. Horn clauses are clauses
with no negated literals, i.e. clauses of the form (1) where= 0. We will denote
by Horn(P) the part of the progran® consisting of its Horn clauses. Horn programs
are logic programg consisting entirely of Horn clauses. Thus for a Horn progiam
P = Horn(P).

Each Horn progran® has a least model in the Herbrand base and the least model of
P is the least fixed point of a continuous operdi®r representing 1-step Horn clause
logic deduction ([L89]). That is, for any sétC At, we letT»(I) equal the set of all
p € At such that there is a clausé=p < ¢,...,¢q, in P suchthay,...,q, € I.
ThenTp has a least fixed points which is obtained by iteratind@’» starting at the
empty set fow steps, i.e.Fp = ., T5(0) where for anyl C At, TR(I) = I and
TR (I) = Tp(TE(I)). ThenFp is the least model o .

The semantics of interest for us is te@able semanticef normal programs, al-
though we will discuss some extensions in Section 5. Thdestabdels of a program
P are defined as fixed points of the operdiry,. If P is a program and/ C At is a
subset of the Herbrand base, define operatog;: P(At) — P(At) as follows:

Tpar(I) = {p: there exist aclause C =p «—q1,...,¢n, 771, ..., T,
in P suchthatgqs € 1,...,q, € I,r1 ¢ M,...,1rp & M}}



The following is immediate, see [Ap90] for unexplained pas.

Proposition 1. For every programP and every)M of atoms the operatof’p s iS
monotone and continuous.

Thus the operatdfp ), possesses a least fixed palis .

Given programP and M C At, we define theGelfond-Lifschitz reduadf P, Py,
as follows. For every claus€ = p «— gq1,...,qn, r1,..., Ty Of P, execute the
following operations.

(1) If some atomr; belongs taM, then eliminate” altogether.

(2) In the remaining clauses that have not been eliminatespleyation (1), eliminate
all the negated atoms.

The resulting progran®,, is a Horn propositional program. The progrédtyy possesses
a least Herbrand model. If that least modelRQyf coincides withM, thenM is called

a stable modefor P. This gives rise to an operatdfLp which associates to each
M C At, the least fixed point of'p 5. We will discuss the operatdxLp and its
proof-theoretic connections in section 4.2.

3 Proof schemes and reduced defining equations

In this section we recall the notion offsoof schemeand introduce a related notion of
defining equations

Given a propositional logic prograifi, a proof scheme is defined by induction on
its length. Specifically, a proof scheme w.Fx(in short P-proof scheme) is a sequence
S = {{C1,p1),...,(Cn,pn), U) subject to this conditions:
() whenn = 1, ((C1,p1),U) is a P-proof scheme ifC; € P, p = head(Cy),
PosBody(Cy) = 0, andU = NegBody(C;) and
(I when ((C1,p1), ..., {Cn,pn),U) is a P-proof scheme,
C = p «— PosBody(C),~NegBody(C) is aclause irP, andPosBody(C) C {p1,...,0n},
then

<<Cl’p1>7 ] <Cn;pn>7 <Cap>7 Uy NegBody(C))

is a P-proof scheme.

If S={(C1,p1),...,{Cn,pn),U) is aP-proof scheme, then we call (i) the integer
thelengthof S, (ii) the setU — thesupportof S, and (iii) the atonp,, — theconclusion
of S. We denotdJ by supp(S).

Example 1.Let P be a program consisting of four clausé€s: = p «—, Cy = ¢ «—
p,—r,C3 =r «— —q,andCy = s «— —t. Then we have the following useful examples
of P-proof schemes:

(@) {(C1,p),0) is a P-proof scheme of length with conclusionp and empty support.

(b) ({(C4,p),(Cs,q),{r}) is aP-proof scheme of length with conclusiong and sup-
port{r}.

(c) ({(C1,p),{Cs,r),{q}) is a P-proof scheme of length with conclusion- and sup-
port{q}.

(d) ((C1,p),(Cq,q),(C5,r),{q,r}) is a P-proof scheme of length with conclusion
r and suppor{q,r}.



In this example we see that the proof scheme in (c) had unsageigems (the first
term), while in (d) the proof scheme was supported by a satating ¢, one of atoms
that were proved on the way to ]

A P-proof scheme carries within itself its own applicabilityrition. In effect, a
P-proof scheme is aonditional proof of its conclusion. It becomes applicable when
all the constraints collected in the support are satisfiednglly we say, for a set/ of
atoms, that &-proof scheme is M-applicableif M N supp(S) = 0. We also say that
M admitsS'if S'is M-applicable.

The fundamental connection between proof schemes ane stedulels is this:

Proposition 2. For every normal propositional progra® and every sef\/ of atoms,
M is a stable model oP if and only if:

(i) For everyp € M, there is aP-proof schemé such thatd/ admitsS
(i) Foreveryp ¢ M, there is naP-proof schemé such thatM admitsS

Proposition 2 says that the presence and absence of thepaitoia stable model
dependonly on the supports of proof schemes. This fact naturally leadsdharac-
terization of stable models in terms of propositional $atislity. Givenp € At, the
defining equatiorfior p w.r.t. P is the following propositional formula:

p<:><ﬁU1\/ﬁU2\/_,_) (2)
where (U, Us,, .. .) is the list of all supports of-proof schemes foP. Here for any
finite setS = {s1,...,s,} of atoms,~S = —s; A --- A —s,. Up to a total ordering
of the finite sets of atoms such formula is unique. For exajguppose we fix a total
order onAt, p1 < p2 < ---. Then given two sets of atom¥, = {u; < -+ < up}
andV = {v; < --- < v, }, we say thal/ < V, if either (i) up, < vn, (i) um = v,
andm < n, or (i) u;, = v,, n = m, and(uq, ..., u,) is lexicographically less than

(v1,...,v,). We say that (2) is thdefining equatiorior p relative toP if U; < Us <
---. We will denote the defining equation fpwith respect taP by Eqi.

Let ®p be the sel{qu : p € At}. We then have the following consequence of
Proposition 2.

Proposition 3. Let P be a normal propositional program. Then stable model® @ire
precisely the propositional models of the thedry.

When P is purely negativei.e. all clauses of” have PosBody = (, the stable and
supported models aP coincide [DK89] and the defining equations reduce to Clark’s
completion [CI78] ofP.

Let us observe that in general the propositional formulatherright-hand-side of
the defining equations may be infinitary.

Example 2.Let P be an infinite program consisting of clauges- —p;, for all i € n.
The defining equation fgs in P is infinitary; it is

pe (mp1V-p2V-ps...)



The following observation is quite useful.df,, Us are two finite sets of propositional
atoms then
U, C Uy ifand Only if U, l: -Uq

Here|= is the propositional consequence relation. The effectisfdhservation is that
not all the supports of proof schemes are important; onlyrtbleision-minimal ones.

Example 3.Let P be an infinite program consisting of clauges— —py, ..., —p;, for
all i € N. The defining equation fg# in P is infinitary;

p<e [p1V (=p1 A—p2) V (mpr A —p2 A ps) .. ]
But our observation above implies that this formuladivalentto the formula
P <= p1

Motivated by the Example 3, we define tlegluced defining equatidior p relative
to P to be the formula

p<:>(—|U1\/—\U2\/...) (3)
whereU; range ovelinclusion-minimalsupports ofP-proof schemes for the atom
andU; < U, < ---. We denote this formula aasqu, and definer®p to be the

theory consisting oquZIf for all p € At. We then have the following strengthening of
Proposition 3.

Proposition 4. Let P be a normal propositional program. Then stable model® @ire
precisely the propositional models of the theo®y-.

In our example 3, the theoyp was infinitary, but the theory® p was finitary.

Given a normal propositional prograf, we say thatP is afinitary support pro-
gram (FSP-program) if all the reduced defining equations for atewth respect to
P are finitary propositional formulas. Equivalently, a pragr P is an FSP-program
if for every atomp there is only finitely many inclusion-minimal supports Bfproof
schemes fop.

4 Continuity properties of operators and proof schemes

In this section we investigate continuity properties ofrapers and we will see that one
of those properties characterizes the class of FSP programs

4.1 Continuity properties of monotone and antimonotone opeators

Let P(At) denote the set of all subsets 4f. By an operator on the seitt of proposi-
tional atoms, we mean any functigh: P(At) — P(At). An operatorO is monotone
if for all setsX C Y C At, X C Y impliesO(X) C O(Y). Likewise an operato®

is antimonotonef for all sets X C Y C A¢, X C Y impliesO(Y) C O(X). For a
sequencéX,,),cn Of sets of atoms, we say th@X,,)..c ;v is monotonically increasing
if forall ¢,7 € N, < jimpliesX,; C X;. Likewise for a sequenceX,,),cn of sets



of atoms, we say thatX,,),c n is monotonically decreasinig for all 7,5 € N,i < j
impliesX; C X;.

There are four distinct classes of operators that will camess in our investiga-
tions. First, we consider monotone operators. A monotorexatpr O is upper-half
continuous if for every monotonically increasing sequefiXg) .cn, O(U,,c y Xn) =
A monotone operata® is lower-halfcontinuous if for every monotonically decreasing
sequencé€X,)nen, O(N,en Xn) = Nnen O(Xn).

In the Logic Programming literature the first of these praipsiis calleccontinuity.
The classic result due to van Emden and Kowalski is the fatigw

Proposition 5. For every Horn programP, the operatofl’p is upper-half continuous.

Generally, the operatdrp for Horn programs isotlower-half continuous. Specifically,
for the programP consisting of clausegs < p;, fori € N, the operatofl » is not lower-
half continuous.

The lower-half continuous monotone operators have apgdarkogic Program-
ming literature [Do94]. Even more generally, for a monotoperatorO, let us define
its dual operatorO? as follows:

O4X) = At\ O(At\ X).

Then an operatad is upper-half continuous if and only @ is lower-half continuous

[JT51]. Therefore, for any Horn prograi, the operatof'¢ is lower-half continuous.
In case of antimonotone operators, we have two additiortam®of continuity. An

antimonotone operatap is upper-halfcontinuous if for every monotonically increas-

ing sequencéX,,)nen, O(U,cn Xn) = Npen O(Xn).

An antimonotone operatd? is lower-half continuous if for every monotonically de-

creasing sequenc&, ) nen, O, ey Xn) = Upen O(Xn).

4.2 Gelfond-Lifschitz operator GLp and proof-schemes

For the completeness sake, let us recall that the Gelfofsthitz operator for a pro-
gram P which we denoté&r L p which assigns to a set of atomsg the least fixed point
of Tp s or, equivalently, the least modé¥,, of the reduced progran®,, [GL88].
Here, the progran®,, is the Gelfond-Lifschitz reduct aP via M. The following fact
is crucial.

Proposition 6 ([GL88]). The operatorGL is antimonotone.

Here is a useful proof-theoretic characterization of therafor G L.

Proposition 7. Let P be a normal propositional program andi/ be a set of atoms.
Then

GLp(M) = {p : there exists a&-proof scheme for p such that\/ admitss,
andp is the conclusion of'}



Proof: Let us assume thate GLp(M) thatisp € Ny;. As Ny, is the least model
of the Horn programPys, Ny = U,.cn 5, (B). Then by an easy induction on the
such thap € T3 (0) we find aP-proof schemes,, so thatp is the conclusion oF,,,
ands,, is admitted byM .

Conversely, we can show, by induction on the length ofthgroof schemes, that when-
ever suchP-proof schemes' is admitted byM, thenp belongs toGLp(M). a

4.3 Continuity properties of the operator GLp

This section will be devoted to proving two results. Firsg prove that for every pro-
gramP, the operatoiGLp is lower-half continuous. Second, we show that the operator
GLp is upper-half continuous if and only # is anFSRprogram. That isGLp is
upper-half continuous if for all atomsthe reduced defining equation for apyfw.r.t

P) is finite.

Proposition 8. For every normal progran®, the operatorGLp is lower-half continu-
ous.

Proof: We need to prove that for every progréhand every monotonically decreasing
sequencéX,,)nen
GLp([) Xa) = |J GLp(Xy).

neN neN

We need to prove two inclusions:, andD.
We first showD. Since

JEN

for everyn € N, by antimonotonicity ofGLp we have

GLp(X,) C GLp(() X;)-
JEN

As n is arbitrary,
U GLp(Xn) € GLp([) X))

neN JEN

Thus the inclusior> holds.
Conversely, lep € GLp ([, Xn). Then, by Proposition 7, there must be a proof
schemeS with support support/ and conclusiom such that

Un () X, =0

neN

But the family (X,,),.c. is monotonically descending afdis finite. Thus there is an
integerng so that

UnX,, =0.



This, however, implies that € GLp(X,,), and thus

pe |J GLp(Xy).
nenN

As pis arbitrary, the inclusio holds. ThusGLp(,cny Xn) = Upen GLp(Xy). O

We are now ready to prove the next result of this paper.

Proposition 9. Let P be a normal propositional program. The following are equiva
lent:

(a) P isanFSRprogram
(b) The operatorGLp is upper-half continuous, i.e.

GLp(|J Xn) = [ GLp(Xy)

neN nenN
for every monotonically increasing sequenég, ) e -

Proof: Two implications need to be proved;) = (b), and(b) = (a).

Proof of the implication(a) = (b). Here, assuminga) we need to prove two inclu-
sions:

() GLp(Unen Xn) € Npen GLp(Xn), and

To prove (i), note that sinc&,, C | X, we have

jEN
GLp(|J X;) € GLp(X,).
JEN
As n is arbitrary,
GLp(|J X;) € | GLp(Xn).
JEN neN
This proves (i).
To prove (i), letp € (), GLp(X,). Then, for everyn € N p € GLp(X,,) and so
for everyn € n there is an inclusion-minimal support fpr U, such that

unx,=40.

But by (a) there is only finitely many inclusion-minimal supts for P-proof schemes
for p. Therefore there is &, such that for infinitely many’s

UsnX, =0.

But the sequencéX,,),.cn IS monotonically increasing. Therefore fal n € N,
Ug N X, = (. But then
UpN U X, = @,
neN
so thatp € GLp(UU,,c y Xn- Thus (i) holds and the implicatiofu) = (b) follows.
Proof of implication(b) = (a).



Assume that the operatdtL p is upper-half continuous. We need to show that for every
p, the reduced defining equation fpris finitary. So let us assume thaEq)f)D is not
finitary. This means that there is an infinite ét= {U;,Us, ...}, whereU; < U <

-+, such that

1. eachlU; is finite,

2. the elements ok’ are pairwise inclusion-incompatible, and

3. for every set of atoma/, p € GLp(M) if and only if for someU; € X, U;NM =
0.

We will now define two sequences:

1. asequencék,,),cn oOf infinite sets of integers and
2. asequence,)nen{o} Of atoms

We defineK, = N, and we defin@; as the first element df; such that
{j:p¢Us}

is infinite. Clearly, K is well-defined. We need to show that is well-defined. If
p1 is not well-defined, then for every € U, there is an integef, so that for all
m > iy, p € Up. But Uy is finite so that takings = max,cy, ip, We find that for
all m > n, Uy C U, - which contradicts the fact that the setsAhare pairwise
inclusion-incompatible. Thug, is well-defined. We now set

Klz{n€K02p1¢Un}.

Let us rewriteK; as{n € Ky : {p1} N U, = 0}. Clearly. K; is infinite.

Now, let us assume that we already defipgdnd K; so thatK; = {n : U, N
{p1,...,m} = 0} is an infinite subsets aV. We seleci,;, as the first element
U,41 so that

{j:je K andp ¢ U;}

is infinite. Clearly, by an argument as above, there is gyehnd sq;, ; is well-defined.
We then set

K= {j €K :py1 ¢ Uj}-
Since{p1,...,ptNU; =0forall j € K, {p1,....pi1} NU; =0 forall j € K;44.
By construction, the sk is infinite.

Now, we complete the argument as follows. We 38t = {p1,...,pn}. The
sequence X,,),en IS monotonically increasing. For eachthere isj (in fact in-
finitely manyj’s) so thatX,, N U; = 0. Therefore, for each, p € GLp(X,). Hence
P € Npen GLp(Xn).

On the other hand, leX = J,,. y X». Then

X = {pl,pg, }

By our constructionp,, € U,, and soU,, N X # (. ThereforeX does not admit
any P-proof scheme fop. Thusp ¢ GLp(X),i.e.p ¢ GLp(U,cn Xn), as desired.
Thus, if P is not anFSRprogram (i.e—(a)), then the operato& Lp is not upper-half
continuous €(b)). Thus(b) = (a) holds, and the argument is complete. ad



5 Further work, discussion, and conclusions

In [SNS02] Niemeh and coauthors defined a significant extension of logic pragr
ming with stable semantics which allows for a programminghvwgardinality con-
straints, and, more generally, with weight constraintss Extension have been fur-
ther studied in [MR04,MNTQ7]. We will limit our discussion tardinality constraints
only, although it is possible to extend our arguments to dayscof convex constraints
[LTO5]. Cardinality constraintare expressions of the fortX «, wherel, v € N,I < u
andX is a finite set of atoms. The semantics of such new dt&mis that the putative
model M contains at leagtbut not more tham atoms fromX. When! = 0 we do not
write it, and likely, wheru > | X| we omit it, too. Thus a atom has the same meaning
as1{p}, while —a is {p}0.

As in the original Gelfond-Lifschitz proposal the semastif programs admitting
cardinality constraints is defined via fixpoints of operatgee the details in [SNS02]
and [MRO04]). The operator in question is neither monotone ardimonotone. But
when we limit our attention to the progranidwhere clauses have the property that
the head consists of a single atom (i.e. are of the fofp}), then one can define an
operatorOp which is antimonotone and whose fixpoints are stable model3 dhis
is done as follows: Given a clausé

p < lleula .o ;lmeum
we transform it into the clause
p<_llea~'~7lme7X1u17~~~7Xmum (4)

Given a set of atomd/, we eliminate fromP (to be precise the set of transformed
clauses fromP) those clauses where the upper-constraifta:{) are not satisfied by
M. In the remaining clauses the upper constraints are eltedrgtogether. The trans-
formed program defines a monotone operator (as pointed iS(2N and if the least
fixpoint of that operator coincides with/, M is a stable models dP. On analogy with
ordinary programs, we will call clauses as in (®rmal CC-clauses. The equivalence
of this construction and the original construction in [SI2Bfdr normal CC-programs
is shown in [MNTO7].

The construction outlined above allows for application wigi-theoretic methods
very similar to those defined above. Namely, on analogy t@tmstruction ofP-proof
schemes defined above we can define proof schemes for normatd@g@ms. This is
done by induction as follows. When

C=p— Xjuy,..., Xpug

is a normal CC-clause without the cardinality-constragftte formi; X; then
<<C7p>7 {X1u17 e 7Xkuk’}>

is a proof scheme. Likewise when

S = <<C1,p1>, ey <Cn7pn>7 U>



is a P-proof scheme and
p<—llea-~-7lme7X1u1;-~-aXmum
isaclause iP, and| X1 N {p1,...,pn}l =11, - | X NP1, ..., Pn}| = L, then

<<C1,p1>, IR <Cn7pn>7 <C7p>7 vu {Xluh . "Xmum}>

is a P-proof scheme.

The notion of admittance of &-proof scheme is similar. The support of a proof
schemeS consists of cardinality constraints of the fotkw. The proof schemé is
admitted byM if for all such constrainu, M = Xu,i.e.|M NX| < u.

Not surprisingly, the theory discussed above lifts almesbsatim. There are, how-
ever, some new issues with the definition of FSP-CC-prograims main reason is that
the key simplification fact

U, C Uy ifand Only if U, ': -Uq

has no known analogy in the setting of cardinality constgaifihe defining equations
and reduced defining equations can be defined but at a cogi@femntial blow up of the
size of equations resulting from the process of translatisiginctions of (finite number)
of cardinality constraints into disjunctive normal formeWote that, alternatively, one
can easily give a direct reduction of otiIC-programs to normal logic programs using
the methods of [FLO5] and the distributivity result of [LTIPR

We note that investigations of proof systems in a related a8AT - play a key role
in establishing lower bounds on the complexity of algorishfor finding the models.
We wonder if there are analogous results in ASP. For achgestircth a goal, we need
to find and investigate proof systems for ASP. One candidateufch a proof system is
provided in this paper by using-proof schemes. We wonder if such a proof system can
be used to develop a deeper understanding of the complesgigs$ related to finding
stable models.
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