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On Correlations of A Family of Generalized
Geometric Sequences

Wei Sun, Andrew Klapper, Yi Xian Yang

Abstract— In this paper we study families of generalized
geometric sequences formed by applying a feedforward function
to certain sums of decimated m-sequences with elements in a
finite field. We compute their correlation functions, which for
certain families turn out to be close to the square root of the
period. The size of these families equals their period. We also
show that in the binary case the linear complexities of these
sequences are much larger than those of cascaded geometric
sequences, although in these cases the maximum correlations are
larger.

Index Terms— Generalized geometric sequence, Correlation
function, Character, Linear complexity.

I. Introduction

SEQUENCES with good correlation properties and high
linear complexity are important in code division multiple-

access spread-spectrum communication systems and cryp-
tography. Geometric sequences are a very general class of
sequences whose correlation properties and linear complexities
have been extensively studied. In this paper we use several
results of Carlitz on exponential sums [1], [2] to study the
correlations of a general class of sequences we callgeneralized
geometric sequences. We also analyze the linear complexity of
certain of these sequences. In all cases the sizes of the families
of cyclically distinct sequences equal their periods. By varying
the choices of parameters we can achieve various combinations
of maximum correlation and minimum linear complexity. The
sequences are determined in part by the choice of a prime
numberp and pair of natural numbersn and e defining field
extensionsGF (pn) andGF (pne) of GF (p).

For example, letn and e be odd integers. Letn =
n1n2 · · ·nl with ni at least 3 andn1 at least 5 be an ordered
factorization. We describe a family of2ne− 1 sequences with
period P = 2ne − 1, maximal correlation and shifted auto-
correlation at most2ne/2(22n − 1) + 1, and linear complexity
n1n

2
2n

4
3 · · ·n2l−1

l (2e)2
l

. In other words, when the period is
approximatelyP = 2ne − 1, the number of sequences in
the family is P , and the correlations are at mostP 1/2+2/e.
If we take, sayn1 = 5 and nj = 3 for j > 1 (these are
allowable choices according to Theorem 6), then the linear
complexity is5

9 (6e)2(n/5)log3(2)
= 5

9 (6P/n)2(n/5)log3(2)
, which
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can be shown to be an increasing function ofn if n < P .
Thus if we keep the periodP fixed, then we observe a
tradeoff: the linear complexity is increased by increasingn
(or, equivalently, decreasinge), while the correlations are
decreased by decreasingn.

In any case the parameteremust be large for the correlations
to be reasonably small. For example, if we takee = 9 andn =
15, then the period is about2135, the correlations are at most
P 1/2+2/9 ∼ P .72 ∼ 297 while the linear complexity is about
222. If we take e = 9 andn = 45, then the period is about
2405, the correlations are at mostP 1/2+2/9 ∼ P .72 ∼ 2292

while the linear complexity is about245. While these values
are not in a practical range, they are interesting in that it is
difficult to achieve even this by other means.

This case is compared to various previously studied families
of sequences in Table (I). In this table we consider only binary
sequences (p = 2). In each case the period is2t − 1. The row
labeled “Gen. Geom.” corresponds to the choicen = 5 · 3k

for somek. This maximizes the linear complexity.

Size of Maximum Maximum
Family t Family Correlation Linear Complexity References

Gold 2n + 1 2t + 1 1 + 2
t+1
2 2t [4]

Gold 4n + 2 2t − 1 1 + 2
t+2
2 2t [4]

Kasami 2n 2
t
2 1 + 2

t
2 3t

2
[5], [6]

(Small Set)

Kasami 4n + 2 2
t
2 (2t + 1) 1 + 2

t+2
2 ≤ 5t

2
[5], [6]

(Large Set)

Bent 4n 2
t
2 1 + 2

t
2

(
t/2
t/4

)
2

t
4 [13], [14], [18], [19]

No 2n 2
t
2 1 + 2

t
2 n(2n − 1) [16], [17]

TN 2kn 2
t
2 1 + 2

t
2 > 3nk(3k − 1)n−2 [9]

(0, j)-QF ne odd 2t + 1 1 + 2
t+n
2 ∼ t2n−1(e− 2)n−2 [10]

Gen. Geom. ne 2t − 1 2t/2(22n − 1) + 1 5
9
(6e)2(n/5)log3(2)

TABLE I

COMPARISON OFPROPERTIES OFFAMILIES OF SEQUENCES OFPERIOD

2n − 1

The paper is organized as follows. In Section II we de-
fine define generalized geometric sequences. In Section III
definitions and lemmas about exponential sums are recalled.
Correlation functions of generalized geometric sequences are
calculated in Section IV in the case whenp and en are odd
and in Section V in the case whenp is odd anden is even. In
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Section VI we state the results on correlations in the case when
p = 2 without proof (the proofs are similar to those whenp
is odd). In Section VII we consider the linear complexity for
certain generalized geometric sequences whenp = 2. In the
last section we put these results together to build families of
sequences with low correlations and large linear complexity.

II. D EFINITIONS

We begin by defining the sequences of interest. Letp be a
prime number,n, e > 0 integers, andq = pn. Let GF (q) be
a finite field withq elements. The trace functiontrqe

q (·) from
GF (qe) into GF (q) is defined by

trqe

q (x) =
e−1∑
i=0

xqi

, x ∈ GF (qe).

Let α be a primitive element inGF (qe). The sequenceU
whoseith term is

U(i) = trqe

q (αi),

is a maximal length shift register sequence, or simply an m-
sequence, overGF (q). Let r be a (possibly different)

prime number. Iff is an arbitrary function fromGF (q) to
GF (r), then the sequenceSf whoseith term is

Sf (i) = f(U(i)) = f(trqe

q (αi))

is called ageometric sequence based onα. These sequences
have been studied by a number of authors [3], [8], [11].

Let S and T be any r-ary sequences with periodL. If
ω = e2πi/r is a complex primitiverth root of unity, then
the (periodic) cross-correlation function ofS andT is

CS,T (τ) =
L−1∑
i=0

ωs(i)+t(i+τ),

for τ = 0, 1, · · · , L− 1. If S = T , thenCS,T is the (periodic)
autocorrelation function ofS. Also, for such a functionf we
denoteF (u) = ωf(u) for u ∈ GF (q), and we denote

I(f) =
∑

u∈GF (q)

F (u),

the imbalance off . Note that ifr 6= p, thenI(f) cannot be
zero.

Suppose thatSf andSg are geometric sequences based on
α andαk, respectively, withgcd(k, qe − 1) = 1. Klapper, et
al, [11] gave correlations ofSf and Sg when k = pl and
k = qa + qb. In the same paper, a more general class of
sequences was defined as follows. ForA,B ∈ GF (qe), the
sequenceSf

(A,B) whoseith element is

Sf
(A,B)(i) = f(trqe

q (Aαi +Bαki)) (1)

is called ageneralized geometric sequence based onα andk.
The problem of calculating correlations of these sequences
was left open. Sun and Yang [20] solved the problem in
the case whenk = pl. In the case whenk = qa + qb,
Klapper [8] and Sun and Yang [21] calculated the cross-
correlation functions between generalized geometric sequences
and geometric sequences.

In a later paper, Klapper, et al. [12] definedcascaded
GMW sequences. These are geometric sequences for which
the functionf is defined by choosing a tower of finite fields
and alternately composing exponentiation functions and trace
functions down the tower. The definition is described in detail
in Section VII below. Klapper, et al, showed that cascaded
GMW sequences have ideal autocorrelations and fairly large
linear complexities.

In this paper we study correlation functions between two
generalized geometric sequences based on the sameα andk
in the case whenk = p + 1. We also calculate the linear
complexity of generalized geometric sequences whenp = 2
and the functionf is defined as for cascaded GMW sequences.

III. R ESULTS ONEXPONENTIAL SUMS

In this section we recall several results on exponential sums
that will be useful in what follows. Let

χq(x) = e2πitrq
p(x)/p,

x ∈ GF (q), be a canonical character ofGF (q) (with values
in the complex numbers).

Lemma 1: [15] Let a ∈ GF (q). Then∑
x∈GF (q)

χq(ax) =
{
q if a = 0
0 if a 6= 0.

We use the following notation for exponential sums, where
a, b ∈ GF (q):

S(a, b) =
∑

x∈GF (q)

χq(axp+1 + bx).

Whenb = 0 we defineS(a) = S(a, 0).
Lemma 2: (Carlitz [2]) Let q = pn andn = 2m.

1) If a 6= 0, b = 0, then

S(a) =
{

(−1)m+1pm+1 if a(pn−1)/(p+1) = (−1)m

(−1)mpm otherwise.

2) If a 6= 0, b 6= 0, then S(a, b) = 0 if apxp2
+

ax + bp = 0 is unsolvable inGF (q) and S(a, b) =
(−1)mpmχq(ax0

p+1 + bx0) otherwise, wherex0 is an
arbitrary solution inGF (q) of the equationapxp2

+ax+
bp = 0.

It is known that ifa(q−1)/(p+1) 6= (−1)m, then the equation
apxp2

+ ax+ bp = 0 has a unique solution. Ifa(q−1)/(p+1) =
(−1)m, thenapxp2

+ax+ bp = 0 is solvable inGF (q) if and
only if

m−1∑
j=0

(a−1bc−p)
p2j

= 0, a1−p = −cp
2−1.

Lemma 3: (Carlitz [2]) Let q = pn, n = 2m+ 1.

1) If a 6= 0 andb = 0, then

S(a) = S(1)ψ(a)

and

S(1) = (−1)m(p−1)/2i(p−1)2/4p(2m+1)/2.
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2) If a 6= 0 andb 6= 0, then

S(a, b) = χq(ax0
p+1 + bx0)S(1)ψ(a),

whereψ is the quadratic character ofGF (q) andx0 is
the unique solution inGF (q) to the equationapxp2

+
ax+ bp = 0.

IV. Correlations of Generalized Geometric Sequences
When en = 2m+ 1

In this section we assume thatqe = p2m+1. That is,
en = 2m + 1. Let f and g be possibly nonlinear func-
tions from GF (q) to GF (r), A,B,A′, B′ ∈ GF (qe), and
Sf

(A,B), Sg
(A′,B′) be generalized geometric sequences based

on the sameα andk. Then

CSf
(A,B),Sg

(A′,B′)(τ) =
qe−2∑
i=0

ωSf
(A,B)(i)+Sg

(A′,B′)(i+τ).

We also letF (u) = ωf(u), G(v) = ωg(v). This section consists
of a proof of the following theorem.

Theorem 1:Let Sf
(A,B), Sg

(A′,B′) be generalized geomet-
ric sequences based on the sameα and k, as defined in
equation (1). Assume thatA,B,A′, B′ 6= 0, k = p + 1,
qe = pen = p2m+1, and0 ≤ τ ≤ qe − 2. Let A1 = A′ατ and
B1 = B′α(p+1)τ .

1) If A/A1 ∈ GF (q) andA1B = AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−1
∑

u∈GF (q)

F (u)G(
A1

A
u)

+F (0)G(0)| ≤ qe/2(q2 − q).

2) If A/A1 ∈ GF (q) andA1B 6= AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−2I(f)I(g)

+F (0)G(0)− q(e−3)/2µ
∑

u,v∈GF (q)

ψ((AB1 −A1B)

·(A1u−Av))F (u)G(v)|

≤
{
qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
qe/2(q2 − q) if B/B1 6∈ GF (q)

whereµ ∈ {1,−1, i,−i}.
3) If A/A1 6∈ GF (q), then

|CSf
(A,B),Sg

(A′,B′)(τ)− qe−2I(f)I(g) + F (0)G(0)|

≤
{
qe/2(q2 − q) if B/B1 ∈ GF (q)
qe/2(q2 − 1) if B/B1 6∈ GF (q).

Proof: For anyτ we have

CSf
(A,B),Sg

(A′,B′)(τ) =∑
u,v∈GF (q)

Nτ (u, v)F (u)G(v)− F (0)G(0),

whereNτ (u, v) denotes the number of solutions inGF (qe)
to the equations

trqe

q (Ax+Bxp+1) = u

trqe

q (A′ατx+B′α(p+1)τxp+1) = v.

It follows from Lemma 1 that

q2Nτ (u, v) =
∑

x∈GF (qe)

∑
λ,ξ∈GF (q)

χq[ξtrqe

q (Ax+Bxp+1)− ξu]

·χq[λtrqe

q (A1x+B1x
p+1)− λv]

=
∑

λ,ξ∈GF (q)

χq(−ξu− λv)
∑

x∈GF (qe)

χq[trqe

q ((Aξ +A1λ)x

+(Bξ +B1λ)xp+1)]

=
∑

λ,ξ∈GF (q)

χq(−ξu− λv)
∑

x∈GF (qe)

χqe((Aξ +A1λ)x

+(Bξ +B1λ)xp+1)

Thus

Nτ (u, v) = q−2
∑

λ,ξ∈GF (q)

χq(−ξu− λv)

∑
x∈GF (qe)

χqe((Aξ +A1λ)x+ (Bξ +B1λ)xp+1)

= q−2
∑

λ,ξ∈GF (q)

χq(−ξu− λv)Tτ (ξ, λ).

where

Tτ (ξ, λ) =
∑

x∈GF (qe)

χqe((Aξ +A1λ)x+ (Bξ +B1λ)xp+1).

There are two cases.

1) WhenBξ +B1λ = 0, we have

Tτ (ξ, λ) =
{
qe if Aξ +A1λ = 0
0 if Aξ +A1λ 6= 0.

2) WhenBξ + B1λ 6= 0, we haveTτ (ξ, λ) = ψ(Bξ +
B1λ)S(1) if Aξ +A1λ = 0 andTτ (ξ, λ) = χqe [(Aξ +
A1λ)x0+(Bξ+B1λ)x0

p+1]·ψ(Bξ+B1λ)S(1) if Aξ+
A1λ 6= 0. wherex0 is the unique solution inGF (qe) to
the equation

(Bξ +B1λ)p
xp2

+ (Bξ +B1λ)x+ (Aξ +A1λ)p = 0.

Therefore,

Nτ (u, v) = q−2


∑

λ,ξ∈GF (q)
Bξ+B1λ=0
Aξ+A1λ=0

qeχq(−ξu− λv)

+S(1)
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ=0

χq(−ξu− λv)ψ(Bξ +B1λ)

+S(1)
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ 6=0

χq(−ξu− λv)

·χqe [(Aξ +A1λ)x0 + (Bξ +B1λ)x0
p+1]

·ψ(Bξ +B1λ))
= q−2(W1 +W2 +W3).
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A. Calculation ofW1

There are two cases forW1.
1) If A/A1 ∈ GF (q), then

W1 = qe
∑

λ,ξ∈GF (q)
Bξ+B1λ=0
Aξ+A1λ=0

χq(−ξu− λv)

=

{
qe

∑
λ∈GF (q)

χq[(B1
B u− v)λ] if A1B = AB1

qe if A1B 6= AB1

=

 qe+1 if A1B = AB1andB1u = Bv
0 if A1B = AB1andB1u 6= Bv
qe if A1B 6= AB1.

2) If A/A1 6∈ GF (q), thenW1 = qe.

B. Calculation ofW2

ForW2, if A 6= 0, A/A1 ∈ GF (q), A1u 6= Av, andB1A 6=
A1B, then

W2 = S(1)
∑

λ,ξ∈GF (q)
Aξ+A1λ=0

χq(−ξu− λv)ψ(Bξ +B1λ)

= S(1)
∑

λ∈GF (q)

χq

[(
A1

A
u− v

)
λ

]

·ψ
[(
B1 −

A1

A
B

)
λ

]
= S(1)ψ

(
B1 −

A1

A
B

)
·

∑
λ∈GF (q)

χq

[(
A1

A
u− v

)
λ

]
ψ(λ)

= S(1)Γ(ψ, χq)ψ
(
AB1 −A1B

A1u−Av

)
,

where [15, Theorem 5.15]

Γ(ψ, χq)
def=

∑
u∈GF (q)

ψ(u)χq(u)

=
{

(−1)n−1q1/2 if p ≡ 1 (mod 4)
(−1)n−1inq1/2 if p ≡ 3 (mod 4).

Note thatψ(x/y) = ψ(xy) for any y 6= 0.
We haveW2 = 0 in all other cases.

C. Estimation ofW3

Finally, we must computeW3. Let

V = |
{
(λ, ξ) ∈ GF (q)2|Bξ +B1λ 6= 0, Aξ +A1λ 6= 0

}
|.

There are three possibilities forV .
1) If A/A1 ∈ GF (q) andB/B1 ∈ GF (q), then

V =
{
q2 − 2q + 1 if AB1 6= A1B
q2 − q if AB1 = A1B.

2) If A/A1 ∈ GF (q) and B/B1 6∈ GF (q), or A/A1 6∈
GF (q) andB/B1 ∈ GF (q), thenV = q2 − q.

3) If A/A1 6∈ GF (q) and B/B1 6∈ GF (q), then V =
q2 − 1.

This leads to four cases of upper bounds for|W3|, where

|W3| = S(1)
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ 6=0

χq(−ξu− λv)χqe [(Aξ +A1λ)x0

+(Bξ +B1λ)x0
p+1]ψ(Bξ +B1λ)

(2)

= qe/2
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ 6=0

χq(−ξu− λv)χqe [(Aξ +A1λ)x0

+(Bξ +B1λ)x0
p+1]ψ(Bξ +B1λ),

since|S(1)| = p(2m+1)/2 = pen/2 = qe/2.

1) If A/A1 ∈ GF (q), B/B1 ∈ GF (q), andAB1 6= A1B,
then |W3| ≤ qe/2(q2 − 2q + 1).

2) If A/A1 ∈ GF (q) and AB1 = A1B, then |W3| ≤
qe/2(q2 − q).

3) If A/A1 ∈ GF (q) and B/B1 6∈ GF (q), or A/A1 6∈
GF (q) andB/B1 ∈ GF (q), then |W3| ≤ qe/2(q2 − q).

4) If A/A1 6∈ GF (q) andB/B1 6∈ GF (q), then |W3| ≤
qe/2(q2 − 1).

D. Bounds for Cross-Correlations

In every case we have

|N(u, v)− q−2(W1 +W2)| = q−2|W3|
< ε

for some error termε. It follows that

|CSf
(A,B),Sg

(A′,B′)(τ) − q−2
∑

u,v∈GF (q)

(W1 +W2)F (u)G(v)

+F (0)G(0)|
< q−2

∑
u,v∈GF (q)

|εF (u)G(v)|

= q−2
∑

u,v∈GF (q)

ε

= ε.

Of courseW1 andW2 depend onu andv.
Evaluating these sums in various cases completes the proof

of Theorem 1.
The bound on|W3| appears to be rather weak – we have

simply assumed that every term in a sum of plus ones and
minus ones is a plus one, the worst possible case. It is quite
possible that tighter bounds hold. The given bound arises
from a sum involvingχqe , equation (2). We haveχqe(x) =
χq(trqe

q (x)). This can be used to rewrite the right hand side
of equation (2) in the form

|W3| = qe/2|
∑

λ,ξ∈GF (q)
Aξ+A1λ6=0

χq(Cξ +Dλ)ψ(Bξ +B1λ)|,

which looks like a character sum of a type that has been
analyzed. However, the termsC andD depend onx0, which
in turn depends onξ and λ, so there is no apparent way to
simplify this expression and obtain a tighter bound.
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V. Correlations of Generalized Geometric Sequences
When en = 2m

In this section we suppose thatqe = p2m. That is,en = 2m.
The section consists of a proof of the following theorem

Theorem 2:Let Sf
(A,B), Sg

(A′,B′) be generalized geomet-
ric sequences based on the sameα and k, as defined in
equation (1). Assume thatA,B,A′, B′ 6= 0, k = p + 1, qe =
pen = p2m, and 0 ≤ τ ≤ qe − 2. Let A1 = A′ατ ,
B1 = B′α(p+1)τ , and let∆ be as in equation (5). Then

1) If A/A1 ∈ GF (q) andAB1 = A1B, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ) + F (0)G(0)

−qe−1
∑

u∈GF (q)

F (u)G
(
A1

A
u

)
|

≤ qe/2(q2 − q).

2) If e is even,A/A1 ∈ GF (q), AB1 6= A1B, and(B1 −
A1B/A)(q

e−1)/(p+1) 6= (−1)m, then

|C
Sf

(A,B),S
(A′,B′)
g

(τ)− (qe−2 − (−1)mqe/2−2)I(f)I(g)

−(−1)mqe/2−1
∑

u∈GF (q)

F (u)G(
A1

A
u) + F (0)G(0)|

≤
{
qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
qe/2(q2 − q) if B/B1 6∈ GF (q).

3) If e is even,A/A1 ∈ GF (q), AB1 6= A1B, and(B1 −
A1B/A)(q

e−1)/(p+1) = (−1)m, then

|C
Sf

(A,B),S
(A′,B′)
g

(τ)− (qe−2 + (−1)mpqe/2−2)I(f)I(g)

−(−1)mpqe/2−1(p+ 1)
∑

u∈GF (q)

F (u)G(
A1

A
u)

+F (0)G(0)|

≤
{
qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
qe/2(q2 − q) if B/B1 6∈ GF (q).

4) If e is odd,A/A1 ∈ GF (q), andAB1 6= A1B, then

|C
Sf

(A,B),S
(A′,B′)
g

(τ)− (−1)mq(e−3)/2
∑

u∈GF (q)

F (u)G(
A1

A
u)

−(qe−2 − q(e−3)/2 + (1 + (−1)m)qe/2−2)I(f)I(g)

−q(e−3)/2(p+ 1)
∑

Av 6=A1u

(
A1
A

u−v)(B1−
A1
A

B)

a (p + 1) power

F (u)G(v) + F (0)G(0)|

≤
{
qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
qe/2(q2 − q) if B/B1 6∈ GF (q).

5) If A/A1 6∈ GF (q), then

|CSf
(A,B),Sg

(A′,B′)(τ)− qe−2I(f)I(g) + F (0)G(0)|

≤
{
qe/2(q2 − 1) if AB1 = A1B or B/B1 6∈ GF (q)
qe/2(q2 − q) if AB1 6= A1B andB/B1 ∈ GF (q).

Proof: For anyτ , the correlations can be expressed in
terms ofNτ (u, v) andTτ (ξ, λ) whose definitions are the same
as in Section IV. We proceed by a similar analysis.

WhenBξ +B1λ = 0, we have

Tτ (ξ, λ) =
{
qe, Aξ +A1λ = 0,
0, Aξ +A1λ 6= 0.

WhenBξ +B1λ 6= 0 andAξ +A1λ = 0, by Lemma 2 we
have

Tτ (ξ, λ) =

{
(−1)m+1pm+1, if (Bξ +B1λ)

p2m−1
p+1 = (−1)m,

(−1)mpm, otherwise.

When Bξ + B1λ 6= 0, and Aξ + A1λ 6= 0, we have
Tτ (ξ, λ) 6= 0 if and only if the equation

(Bξ +B1λ)pxp2
+ (Bξ +B1λ)x+ (Aξ +A1λ)p = 0 (3)

is solvable inGF (qe). If so, let x0 be any solution. Then
Tτ (ξ, λ) = 0 if (3) is unsolvable inGF (qe) andTτ (ξ, λ) =
(−1)mpmχqe((Aξ + A1λ)x0 + (Bξ + B1λ)xp+1

0 ) if (3) is
solvable inGF (qe).

It follows that

Nτ (u, v) = q−2


∑

λ,ξ∈GF (q)
Bξ+B1λ=0
Aξ+A1λ=0

qeχq(−ξu− λv)

+
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ=0

(Bξ+B1λ)(qe−1)/(p+1)=(−1)m

(−1)m+1pm+1χq(−ξu− λv)

+
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ=0

(Bξ+B1λ)(qe−1)/(p+1) 6=(−1)m

(−1)mpmχq(−ξu− λv)

+
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ 6=0

(3) solvable inGF (qe)

(−1)mpmχqe((Aξ +A1λ)x0

+(Bξ +B1λ)xp+1
0 )χq(−ξu− λv)

)
= q−2(W1 + (−1)mpmU1 + (−1)m+1pm(p+ 1)U2

+(−1)mpmU3)

where

W1 =
∑

λ,ξ∈GF (q)
Bξ+B1λ=0
Aξ+A1λ=0

qeχq(−ξu− λv),

U1 =
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ=0

χq(−ξu− λv),

U2 =
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ=0

(Bξ+B1λ)(qe−1)/(p+1)=(−1)m

χq(−ξu− λv),

U3 =
∑

λ,ξ∈GF (q)
Bξ+B1λ 6=0
Aξ+A1λ 6=0

(3) solvable inGF (qe)

χqe((Aξ +A1λ)x0

+(Bξ +B1λ)xp+1
0 )χq(−ξu− λv).
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W1 has been calculated in Section 3.

A. Calculation ofU1

There are two cases forU1. WhenA/A1 6∈ GF (q), we have
U1 = 0. WhenA/A1 ∈ GF (q), we have

U1 =
∑

λ∈GF (q)

(AB1−A1B)λ6=0

χq

[(
A1

A
u− v

)
λ

]

=


0 if AB1 = A1B∑
λ∈GF (q)∗

χq

[
(
A1

A
u− v)λ

]
if AB1 6= A1B

=

 0 if AB1 = A1B
q − 1 if AB1 6= A1B andA1u = Av
−1 if AB1 6= A1B andA1u 6= Av.

B. Calculation ofU2

There are two cases forU2. WhenA/A1 6∈ GF (q), we have
U2 = 0. WhenA/A1 ∈ GF (q), we consider the following
equation in the unknownλ.

[(B1 −A1B/A)λ](q
e−1)/(p+1) = (−1)m. (4)

There are two subcases.

1) If (B1 − A1B/A)(q
e−1)/(p+1) 6∈ GF (q), then equation

(4) is unsolvable inGF (q), soU2 = 0.
2) If (B1 − A1B/A)(q

e−1)/(p+1) ∈ GF (q), then equation
(4) is equivalent to

λ(qe−1)/(p+1) = (−1)m ·
(
B1 −

A1

A
B

)(1−qe)/(p+1)

,

and the number of solutions inGF (q) of equation (4)
is

∆ =
d−1∑
j=0

ϕj

(−1)m ·
(
B1 −

A1

A
B

) 1−qe

p+1

 , (5)

where ϕ is a multiplicative character ofGF (q) with
degreed = gcd((qe − 1)/(p+ 1), q − 1).
Thus

U2 =
∑

λ∈GF (q)
(B1−A1B/A)λ 6=0

[(B1−A1B/A)λ](qe−1)/(p+1)=(−1)m

χq

[(
A1

A
u− v

)
λ

]
,

we haveU2 = 0 if AB1 = A1B;

U2 = |{λ ∈ GF (q)|
[(
B1 −

A1

A
B

)
λ

](qe−1)/(p+1)

= (−1)m}|
if AB1 6= A1B andAv = A1u;

U2 =
∑

λ∈GF (q)

[(B1−A1B/A)λ](qe−1)/(p+1)=(−1)m

χq

[
(
A1

A
u− v)λ

]
if AB1 6= A1B andAv 6= A1u.

It remains to analyze the condition

[(B1 −A1B/A)λ](q
e−1)/(p+1) = (−1)m. (6)

To simplify notation, letβ = B1 − A1B/A. If m is even,
then equation (6) is equivalent to saying thatβλ is a (p+ 1)
power of an element ofGF (qe). If m is odd, it is equivalent to
saying thatβλ is a (p+1)/2 power of an element ofGF (qe),
but not a(p+ 1) power. Supposeγ is a primitive element in
GF (qe) andT = (qe − 1)/(q− 1). We can writeβ = γb and
λ = γlT . Then equation (6) is equivalent to

b+ lT =

{
(p+ 1)d for somed if m is even
(p+ 1)d

2
for some oddd if m is odd.

(7)

We make use of the following lemma.
Lemma 4: For any natural numbersp, e, andn,

gcd
(
p+ 1,

pen − 1
pn − 1

)
=

{
p+ 1 if e is even
1 if e is odd.

Proof: We have

(pen − 1)/(pn − 1) = p(e−1)n + p(e−2)n + · · ·+ pn + 1

=
{

(p+ 1)(p(e−2)n + p(e−4)n + · · ·+ 1) if e is even
(p+ 1)(p(e−2)n + p(e−4)n + · · ·+ p) + 1 if e is odd.

The lemma follows.
There are four cases to consider.

1) Supposem and e are even. Then equation (7) has a
solution for a givenl if and only if (p + 1) divides b.
This is equivalent toβ being a(p+ 1) power. Thus

U2 =


0 if AB1 = A1B or β is not a(p+ 1) power
q − 1 if AB1 6= A1B, Av = A1u

andβ is a (p+ 1) power
−1 otherwise.

2) Supposem is even ande is odd, so thatn is even and
n/2 is even. ThenT and(p+1) are relatively prime, so
for eachb there is at least one pair(l0, d0) that satisfies
equation (7). Every other pair that satisfies this equation
has the form(l0 + i(p + 1), d0 + iT ). Thus there are
(q − 1)/(p + 1) choices ofλ for which equation (7)
has a solution. They all have the formλ0δ

i(p+1), where
δ = γT is primitive in GF (q) andλ0 = δl0 . Also, for
any y, yλ0 is a (p+ 1) power inGF (qe) if and only if
yβ is a (p+ 1) power inGF (qe). It follows that

U2 = 
0, if AB1 = A1B
q − 1
p+ 1

, if AB1 6= A1B andAv = A1u

1
p+ 1

∑
x∈GF (q)∗

χq

[
(
A1

A
u− v)λ0x

p+1

]
,otherwise

=



0 if AB1 = A1B
q − 1
p+ 1

if AB1 6= A1B andAv = A1u

−pn/2+1 − 1
p+ 1

if AB1 6= A1B, Av 6= A1u,

and (A1
A u− v)β is a (p+ 1) power

pn/2 − 1
p+ 1

otherwise.

3) Supposem is odd ande is even. Then equation (7) has
a solution for a givenl if and only if (p+ 1)/2 divides
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b and (p+ 1) does not. This is equivalent toβ being a
(p+ 1)/2 power but not a(p+ 1) power. Thus

U2 =


0 if AB1 = A1B, β is not a(p+ 1)/2 power,

or β is a (p+ 1) power
q − 1 if AB1 6= A1B, Av = A1u andβ is a

(p+ 1)/2 power but not a(p+ 1) power
−1 otherwise.

4) Supposem and e are odd. Thusn is even andn/2 is
odd. Again, for eachb there is at least one pair(l0, d0)
that satisfies the equationb + lT = d(p + 1)/2. Every
other pair that satisfies this equation has the form(l0 +
i(p+ 1)/2, d0 + iT ). Since(p+ 1) is even,T must be
odd. In particular, there is a solution withd odd, so we
may assumed0 is odd. Every other solution to equation
(7) has the form(l0 + i(p+1), d0 +2iT ). As in the case
whenm is even ande is odd,

U2 =



0 if AB1 = A1B
q − 1
p+ 1

if AB1 6= A1B andAv = A1u

pn/2+1 − 1
p+ 1

if AB1 6= A1B, Av 6= A1u, and

(A1
A u− v)β is a (p+ 1)/2 power

but not a(p+ 1) power
−pn/2 − 1
p+ 1

otherwise.

C. Estimation ofU3

To upper boundU3 it is useful to first compute the following
cardinalities:

|{(ξ, λ) ∈ GF (q)2|Bξ +B1λ 6= 0, Aξ +A1λ = 0}|

=
{
q − 1 if A/A1 ∈ GF (q) andAB1 6= A1B
0 otherwise,

|{(ξ, λ) ∈ GF (q)2|Bξ +B1λ = 0, Aξ +A1λ = 0}|

=
{
q if A/A1 ∈ GF (q) andAB1 = A1B
1 otherwise,

|{(ξ, λ) ∈ GF (q)2|Bξ +B1λ = 0, Aξ +A1λ 6= 0}|

=
{
q − 1 if B/B1 ∈ GF (q) andAB1 6= A1B
0 otherwise.

Thus

|U3| ≤ |{(ξ, λ) ∈ GF (q)2|Bξ +B1λ 6= 0, Aξ +A1λ 6= 0,
and equation (3) is solvable inGF (qe)}|

≤ |{(ξ, λ) ∈ GF (q)2|Bξ +B1λ 6= 0, Aξ +A1λ 6= 0}|

=



q2 − 2q + 1 if A/A1 ∈ GF (q), AB1 6= A1B,
andB/B1 ∈ GF (q)

q2 − q if A/A1 ∈ GF (q), AB1 6= A1B,
andB/B1 6∈ GF (q)

q2 − q if A/A1 ∈ GF (q) andAB1 = A1B
q2 − q if A/A1 6∈ GF (q), AB1 6= A1B,

andB/B1 ∈ GF (q)
q2 − 1 if A/A1 6∈ GF (q), AB1 6= A1B,

andB/B1 6∈ GF (q)
q2 − 1 if A/A1 6∈ GF (q) andAB1 = A1B.

D. Bounds for Cross-Correlations

As before, we have

Nτ (u, v)− q−2(W1 + (−1)mpmU1 + (−1)m+1pm(p+ 1)U2)
= (−1)mq−2pmU3 ≤ ε

for some error termε. It follows that

|CSf
(A,B),Sg

(A′,B′)(τ) + F (0)G(0)

− q−2
∑

u,v∈GF (q)

(W1 + (−1)mpmU1

+(−1)m+1pm(p+ 1)U2)F (u)G(v)|
< q−2

∑
u,v∈GF (q)

|εF (u)G(v)|

= q−2
∑

u,v∈GF (q)

ε.

Again,W1, U1, U2, andε depend onu andv.
Computing the sums forW1 andU1 is straightforward. For

U2, suppose first thate is even. The only nonzero case is when
A/A1 ∈ GF (q) andβ = B1−A1B/A is not a(p+1) power.
In this case we have∑

u,v

U2F (u)G(v) = q
∑

u

F (u)G(
A1

A
u)− I(f)I(g).

Now suppose thate is odd. The only nonzero case is when
A/A1 ∈ GF (q) andAB1 6= A1B. In this case we have∑

u,v

U2F (u)G(v) =
q − 1
p+ 1

∑
u

F (u)G(
A1

A
u)

+
(−1)m+1pq1/2 − 1

p+ 1

∑
Av 6=A1u

(
A1
A

u−v)(B1−A1
B
A

) a

(p + 1) power

F (u)G(v)

+
(−1)mq1/2 − 1

p+ 1

∑
Av 6=A1u

(
A1
A

u−v)(B1−A1
B
A

) not

a (p + 1) power

F (u)G(v)

=
q − 1
p+ 1

∑
u

F (u)G(
A1

A
u)

−(−1)mq1/2
∑

Av 6=A1u

(
A1
A

u−v)(B1−A1
B
A

) a

(p + 1) power

F (u)G(v)

+
(−1)mq1/2 − 1

p+ 1

∑
Av 6=A1u

F (u)G(v)

=
(
q − (−1)mq1/2

p+ 1

) ∑
u

F (u)G(
A1

A
u)

−(−1)mq1/2
∑

Av 6=A1u

(
A1
A

u−v)(B1−A1
B
A

) a

(p + 1) power

F (u)G(v)

+
(−1)mq1/2 − 1

p+ 1
I(f)I(g).

This completes the proof of Theorem 2.
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VI. CHARACTERISTIC TWO

A similar analysis can be given in the case whenp = 2.
The major change is that we must use different character sum
results [1]. We state the results here but omit the proofs.

Theorem 3:Suppose thatp = 2. Let Sf
(A,B), Sg

(A′,B′) be
generalized geometric sequences based on the sameα and
k, as defined in equation (1). Assume thatA,B,A′, B′ 6= 0,
k = p + 1, qe = pen = p2m+1, and 0 ≤ τ ≤ qe − 2. Let
A1 = A′ατ andB1 = B′α(p+1)τ .

1) If A/A1 ∈ GF (q) andA1B = AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−1
∑

u∈GF (q)

F (u)G(
A1

A
u)

+F (0)G(0)| ≤ q(e+3)/2.

2) If A/A1 6∈ GF (q) andA1B = AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−1
∑

u∈GF (q)

F (u)G(
A1

A
u)

+F (0)G(0)| ≤ qe/2(q2 − 1).

3) If A1B 6= AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−2I(f)I(g) + F (0)G(0)|

≤


q(e+3)/2 + q(e+1)/2 if A/A1 ∈ GF (q)

andB/B1 ∈ GF (q),
qe/2(q2 − 1) if A/A1 6∈ GF (q)

andB/B1 6∈ GF (q)
q(e+3)/2 otherwise.

Theorem 4:Suppose thatp = 2 and e is even. Let
Sf

(A,B), Sg
(A′,B′) be generalized geometric sequences based

on the sameα and k, as defined in equation (1). Assume
that A,B,A′, B′ 6= 0, k = p + 1, qe = pen = p2m, and
0 ≤ τ ≤ qe − 2. Let A1 = A′ατ andB1 = B′α(p+1)τ .

1) If A/A1 ∈ GF (q) andA1B = AB1, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−1
∑

u∈GF (q)

F (u)G(
A1

A
u) + F (0)G(0)|

≤ 2qe/2(q2 − q).

2) If A/A1 ∈ GF (q), AB1 6= A1B, andB + AB1/A1 is
a nonzero cube, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−2I(f)I(g)

+ (−1)m2qe/2−1
∑

u∈GF (q)

F (u)G(
A1

A
u) + F (0)G(0)|

≤
{

2qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
2qe/2(q2 − q) if B/B1 6∈ GF (q).

3) If A/A1 ∈ GF (q), AB1 6= A1B, andB + AB1/A1 is
not a cube, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−2I(f)I(g)

+ (−1)m3qe/2−1
∑

u∈GF (q)

F (u)G(
A1

A
u) + F (0)G(0)|

≤
{

2qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)
2qe/2(q2 − q) if B/B1 6∈ GF (q).

4) If A/A1 6∈ GF (q), then

|CSf
(A,B),Sg

(A′,B′)(τ)− qe−2I(f)I(g) + F (0)G(0)|

≤

 2qe/2(q2 − q) if B/B1 ∈ GF (q)
andAB1 6= A1B

2qe/2(q2 − 1) otherwise.
Theorem 5:Suppose thatp = 2 and e is odd. Let

Sf
(A,B), Sg

(A′,B′) be generalized geometric sequences based
on the sameα and k, as defined in equation (1). Assume
that A,B,A′, B′ 6= 0, k = p + 1, qe = pen = p2m, and
0 ≤ τ ≤ qe − 2. Let A1 = A′ατ andB1 = B′α(p+1)τ . Then

1) If A/A1 ∈ GF (q) andAB1 = A1B, then

|C
S

(A,B)
f

,S
(A′,B′)
g

(τ)− qe−1
∑

u∈GF (q)

F (u)G
(
A1

A
u

)
+ F (0)G(0)|

≤ 4qe/2(q2 − q)
3

.

2) If A/A1 ∈ GF (q), AB1 6= A1B, then

|C
Sf

(A,B),S
(A′,B′)
g

(τ)− qe−2I(f)I(g) + F (0)G(0)

−(−1)mqe/2−2
∑

u∈GF (q)

F (u)G(
A1

A
u)

−(−1)n+m3qe/2−1
∑

(u+ A
A1

v)(B+ A
A1

B1)

a nonzero cube

F (u)G(v)|

≤


4
3
qe/2(q2 − 2q + 1) if B/B1 ∈ GF (q)

4
3
qe/2(q2 − q) if B/B1 6∈ GF (q).

3) If A/A1 6∈ GF (q), then

|CSf
(A,B),Sg

(A′,B′)(τ))− qe−2I(f)I(g) + F (0)G(0)|

≤


4
3
qe/2(q2 − q) if AB1 6= A1B and B

B1
∈ GF (q).

4
3
qe/2(q2 − 1) otherwise.

VII. L INEAR COMPLEXITY

In this section we consider the linear complexity of certain
generalized geometric sequences. We denote byλ(S) the
linear complexity of a sequenceS. Let p = 2 and let
n1, n2, · · · , nl be natural numbers withni at least 3. Let
n = n1n2 · · ·nl, q0 = 2, and qi = qni

i−1, so in particular
q = ql. We also letr1, · · · , rl be integers, with1 ≤ ri < ni,
let ki = 1 + qri

i−1, and definef : GF (q) → GF (2) by

f(x) = trq1
q0

(trq2
q1

(· · · trql
ql−1

(x)kl−1 · · ·)k1).

If β is primitive in GF (q), then the sequenceT whoseith
term isT (i) = f(βi) is acascaded GMW sequence[12]. This
sequence has shifted autocorrelations equal to−1. It’s linear
complexity is

λ(T ) = n1n
2
2n

4
3 · · ·n2l−1

l
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(See [12]). In this section we consider the generalized geo-
metric sequenceS whoseith term is

S(i) = f(trqe

q (αi +Bα3i))

for someB 6= 0. Also, for convenience we writenl+1 = e.
Theorem 6:If 2 ≤ r1 ≤ n1 − 2, 1 ≤ rj ≤ nj − 2 for

j = 2, · · · , l−1, and2rj 6≡ 0 (mod nj) for j = 1, · · · , l−1,
then the linear complexity ofS is

λ(S) = n1n
2
2n

4
3 · · ·n2l−1

l (2e)2
l

.
Proof: Key showed that the linear complexity of such a

sequence equals the number of nonzero coefficients when the
function

g(x) = f(trqe

q (x+Bx3)) (8)

is expressed a polynomial [7]. Let

K = {t̄ = (t1, t2, · · · , tl) : ti ∈ {0, ri}}.

Let s : K → {(s1, s2, · · · , sl, sl+1) : 0 ≤ si < ni} be a
function with the property that whenevert̄, t̄′ ∈ K satisfyt1 =
t′1, · · · , tj = t′j for somej, s satisfiess(t̄)1 = s(t̄′)1, s(t̄)2 =
s(t̄′)2, · · · , s(t̄)j+1 = s(t̄′)j+1. For any suchs anda : K →
{1, 3}, let

h(s, a) =
∑
t̄∈K

a(t̄)
l∏

j=1

q
s(t̄)j+tj

j−1 q
s(t̄)l+1
l

=
∑
t̄∈K

a(t̄)z(t̄).

If we expand the right hand side of equation (8), the resulting
polynomial can be expressed as a sum of the monomials whose
exponents are theh(s, a)s over all possibles anda. Thus we
need to see that these are all distinct.

First suppose that for some fixeds and a and for some
t̄ 6= t̄′ ∈ K, the base 2 expansions ofa(t̄)z(t̄) anda(t̄′)z(t̄′)
have some nonzero term in common. We may assume that for
somej, t1 = t′1, · · · , tj−1 = t′j−1, tj = 0, and t′j = rj . Then
for somex (which is a power of 2),b, andc we havez(t̄) =
xqb

j+1 andz(t̄′) = xq
rj

j q
c
j+1. There are two possibilities.

1) If z(t̄) < z(t̄′), then we must havea(t̄) = 3 and3z(t̄) ≥
z(t̄′). It follows that 2z(t̄) = z(t̄′). Therefore2 = q

rj

j ,
which is impossible by the hypotheses.

2) If z(t̄) > z(t̄′), then we must havea(t̄′) = 3 and
3z(t̄′) ≥ z(t̄). It follows that 2z(t̄′) = z(t̄′). Therefore
2qrj

j = qj+1, which is impossible by the hypotheses.

Now suppose thath(s, a) = h(s′, a′) for somes, s′, a, a′.
It follows first that the number of 1s among thea(t̄)s equals
the number of 1s among thea′(t̄)s. Note also thats1 = s1(t̄)
ands′1 = s′1(t̄) are independent of̄t. If we take the reductions
modulo n1 of the exponents that occur on nonzero terms in
the base two expansion ofh(s, a), we obtain{s1, s1 + r1} if
all a(t̄) = 1, and{s1, 1 + s1, s1 + r1, 1 + s1 + r1} otherwise.
We obtain{s′1, s′1 + r1} if all a(t̄) = 1, and{s′1, 1 + s′1, s

′
1 +

r1, 1 + s′1 + r1} otherwise forh(s′, a′). These sets must be
equal if h(s, a) = h(s′, a′). If s1 ≡ s′1 + r1 (mod n1) and
s′1 ≡ s1 + r1 (mod n1) then 2r1 ≡ 0 (mod n1). This
is false by hypothesis. Therefores1 = s′1. Also, all terms
with t1 = 1 or t′1 = 1 map to{s1, 1 + s1} when we reduce

exponents modulon1, so the sum of such terms inh(s, a)
equals the sum of such terms inh(s′, a′). Similarly for the
terms that map to{s1 + r1, 1+ s1 + r1}. By induction,s = s′

and it then follows thata = a′.
Consequently, the linear complexity ofS is the number of

pairs of functions(s, a), which is the quantity given in the
statement of the theorem.

Thus the linear complexity for these generalized geometric
sequences is larger than the linear complexity of a cascaded
GMW sequence based on the same tower of fields and the
same exponents by a factor of22l

.

VIII. Conclusions - Families of Sequences

In this section we use the results of the previous sections
to construct families of sequences with good pairwise corre-
lations. We fix prime numbersp and r, natural numberse
and n, a primitive elementα in GF (pne), and a function
f from GF (pn) to GF (r). As above, we letq = pn and
F (u) = ωu whereω is a complex primitiverth root of unity.
Let Sf (A,B) be the sequence defined in equation (1). Note
that every sequenceS(A,B)

f has a cyclic shift of the form

S
(1,B)
f . Assume thatf is balanced. That is,I(f) = 0. This

is only possible ifr = p, so we are assuming this. We also
assume thatf has ideal autocorrelations in the sense that∑

u∈GF (q)

F (u)F (xu) =
{

0 if x 6= 1
q if x = 1.

This is equivalent to saying that the sequence whosejth
element isf(βj), whereβ is a primitive element inGF (q),
has ideal autocorrelations. There are many examples of such
sequences (for example, m-sequences, GMW sequences, and
cascaded GMW sequences). LetS = {S(1,B)

f : B ∈
GF (qe), B 6= 0}. We want to show that every pair of
sequences in this set is cyclically distinct. By Theorems 1 and
2, if p is odd, then for any two sequencesS(1,B)

f andS(1,B′)
f

in S and anyτ ,

|C
S

(1,B)
f

,S
(1,B′)
f

(τ)| ≤ qe/2(q2 − 1) + 1 (9)

unless

ατ ∈ GF (q), ατB = α(p+1)τB′

and
∑

u∈GF (q)

F (u)F (ατu) 6= 0. (10)

It follows from our assumption on the autocorrelations off
that if condition (10) holds, thenτ = 0, and therefore thatB =
B′. Thus the only correlation that fails to satisfy inequality (9)
is

C
S

(1,B)
f

,S
(1,B)
f

(τ) = qe − 1.

This also implies that any two sequences inS are cyclically
distinct and proves the following theorem.

Theorem 7:If p is odd, thenS is a family ofqe−1 GF (p)-
ary sequences of periodqe− 1 all of whose cross-correlations
and shifted autocorellations are bounded by

|C
S

(1,B)
f

,S
(1,B′)
f

(τ)| ≤ qe/2(q2 − 1) + 1. (11)
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We have a similar family whenp is even.
Theorem 8:If p = 2, thenS is a family of qe − 1 binary

sequences of periodqe−1 all of whose cross-correlations and
shifted autocorellations are bounded by

|C
S

(1,B)
f

,S
(1,B′)
f

(τ)|

≤


2qe/2(q2 − 1) + 1 if e is even
4
3
qe/2(q2 − 1) + 1 if e is odd andn is even

qe/2(q2 − 1) + 1 if e andn are odd.
In particular, if f is as in Section VII, then the linear

complexity of every sequence inS is large as well.
When n = 1 the sequences studied here reduce to one

case of Gold’s sequences. However, in this case our estimates
of the cross-correlations are too high. For example, when
p = 2 and e is odd, they are too high by a factor of three.
We conjecture, therefore, that our estimates are too high in
general. In the case when whenp is odd anden = 2m + 1,
some improvement would come if we could choosef so that
ψ(Cu + Dv)F (u)F (v) is small for everyC,D ∈ GF (qe).
However, the greatest improvement would come from sharper
bounds onW3. The situation is similar whenen is even and
whenp = 2.
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