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1 Introdu
tionPoisson equation is a partial di�erential equation with broad appli
ations in me
hani
alengineering, theoreti
al physi
s and other �elds. The 2D Poisson equation 
an be writtenin the form of uxx(x; y) + uyy(x; y) = f(x; y); (x; y) 2 
; (1)where 
 is a re
tangular domain, or a union of re
tangular domains, with suitable boundary
onditions de�ned on �
. The solution u(x; y) and the for
ing fun
tion f(x; y) are assumedto be suÆ
iently smooth and have the ne
essary 
ontinuous partial derivatives up to 
ertainorders.The se
ond order a

urate solution 
an be 
omputed by applying the standard se
ondorder 
entral di�eren
e operator to uxx(x; y) and uyy(x; y) in Eq. (1). Higher order (morethan two) a

urate dis
retization methods need more 
omplex pro
edure than the se
ondorder a

urate dis
retization method to 
ompute the 
oeÆ
ient matrix, but they usuallygenerate linear systems of mu
h smaller size, 
ompared with that from the lower ordera

urate dis
retization methods [1, 7, 10℄. There has been growing interest in developinghigher order a

urate dis
retization methods, espe
ially the high order 
ompa
t di�eren
es
hemes, to solve partial di�erential equations (PDEs) [11, 15, 18, 23, 25, 26℄. We 
all them\
ompa
t" be
ause these s
hemes only use the minimum three grid points in one dimensionin the dis
retization formulas.Previously, Chu and Fan [5, 6℄ proposed a three point 
ombined 
ompa
t di�eren
e(CCD) s
heme for solving two dimensional Stommel O
ean model, whi
h is a spe
ial twodimensional 
onve
tion di�usion equation. They use Hermitian polynomial approximationto a
hieve sixth order a

ura
y for the inner grid points and �fth order a

ura
y for theboundary grid points. The advantage of the CCD s
heme is that it 
an be used to solvemany types of PDEs without major modi�
ations. And the Alternating Dire
tion Impli
it(ADI) [14℄ method 
an be used to redu
e the higher dimensional problems to a series oflower dimensional problems. So, their s
heme is referred to as impli
it high order 
ompa
ts
heme be
ause they do not 
ompute the solution of the variables dire
tly.In 
ontrary, the expli
it fourth order 
ompa
t s
hemes [9, 10, 12, 13, 18℄, 
ompute thesolution of the variables dire
tly. Some a

elerating iterative methods like multigrid methodand pre
onditioned iterative method have been used to eÆ
iently solve the resulting sparselinear systems [22, 24, 25℄. But the higher order expli
it 
ompa
t s
hemes are more 
ompli-
ated to develop in higher dimensions [8, 27℄, 
ompared with the impli
it 
ompa
t s
hemes.As far as we know, there is no existing expli
it 
ompa
t s
heme on a single s
ale grid thatis higher than the fourth order a

ura
y.Sin
e a sixth order expli
it s
heme may be impossible to develop on a single s
ale grid,the multis
ale grid method has been 
onsidered to a
hieve the sixth order a

ura
y for theexpli
it 
ompa
t formulations. Sun and Zhang [20℄ proposed a sixth order expli
it �nite2



di�eren
e dis
retization strategy for solving 2D 
onve
tion di�usion equation. They usedADI method to 
ompute the fourth order a

urate solution on the �ne and the 
oarse grids�rst, then apply the Ri
hardson extrapolation te
hnique and an operator based interpolations
heme in ea
h ADI iteration to a
hieve the sixth order a

urate solution on the �ne grid.The major disadvantage of Sun-Zhang's method is that the ADI iteration is not s
alable withrespe
t to the meshsize, when the mesh be
omes �ner, the number of iterations in
reasesqui
kly.By using the idea of two s
ale grid 
omputation from Sun-Zhang's method, we intend todevelop a new expli
it sixth order 
ompa
t s
heme 
omputing strategy for the 2D Poissonequation, whi
h 
an eÆ
iently solve the resulting linear system and is s
alable with respe
tto the problem size. We do not use the ADI method, instead we develop a multigridmethod that is similar to the full multigrid method as our 
onvergen
e a

eleration method.With point Gauss-Seidel relaxation method and line Gauss-Seidel relaxation method, weiteratively solve the resulting sparse linear system to get the fourth order a

urate solutionon both the �ne and the 
oarse grids. Then we apply the Ri
hardson extrapolation te
hnique
ombined with our new operator based interpolation s
heme to get the sixth order a

uratesolution on the �ne grid.In this paper, we present the sixth order 
ompa
t di�eren
e dis
retization strategy for 2DPoisson equation in Se
tion 2. In Se
tion 3, we develop our modi�ed multigrid method tosolve the fourth order a

urate solution on the �ne and the 
oarse grids. Se
tion 4 
ontainsthe numeri
al experiments to demonstrate high a

ura
y of the sixth order 
ompa
t di�er-en
e s
heme, as well as eÆ
ien
y of our modi�ed multigrid method. Con
luding remarksare given in Se
tion 5.2 Sixth Order Compa
t ApproximationsOur expli
it sixth order 
ompa
t di�eren
e s
heme is based on the fourth order 
ompa
tdis
retization on the two s
ale grids. In this se
tion, we �rst introdu
e the fourth order
ompa
t di�eren
e s
heme for the 2D Poisson equation. The basi
 idea is from Zhang'sprevious papers [20, 25, 28℄. More detailed dis
ussions about the fourth order 
ompa
tdi�eren
e s
hemes 
an be found in [9, 17℄.In order to dis
retize the Eq. (1), let us 
onsider a re
tangular domain 
 = [0; Lx℄�[0; Ly℄.We dis
retize 
 with uniform meshsizes �x = Lx=Nx and �y = Ly=Ny in the x and y
oordinate dire
tions, respe
tively. Here Nx and Ny are the number of uniform intervalsin the x and y 
oordinate dire
tions. The mesh points are (xi; yj) with xi = i�x andyj = j�y, 0 � i � Nx, 0 � j � Ny.We write the standard se
ond order 
entral di�eren
e operators asÆ2xui;j = ui+1;j � 2ui;j + ui�1;j�x2 ; Æ2yui;j = ui;j+1 � 2ui;j + ui;j�1�y2 :3



Using Taylor series expansions, at the grid point (xi; yj), we haveÆ2xui;j = uxx + �x212 u4x + �x4360 u6x +O(�6x); (2)and Æ2yui;j = uyy + �y212 u4y + �y4360 u6y +O(�6y); (3)From previous studies [20, 25, 28℄, we know that with Eqs. (2) and (3), we 
an applythe symboli
 fourth order 
ompa
t approximation operator to the se
ond derivatives uxxand uyy in Eq. (1), respe
tively. The dis
rete 2D Poisson equation will be formulatedsymboli
ally as [19℄(1 + �x212 Æ2x)�1Æ2xu+ (1 + �y212 Æ2y)�1Æ2yu = f + �1�x4 + �2�y4 +O(�6); (4)where �1 and �2 are used to denote some 
omplex representations that will be 
an
eled inthe Ri
hardson extrapolation pro
edure, �6 denotes the trun
ated terms in the order ofO(�x6 +�y6). By applying the symboli
 operators, setting �1 and �2 both equal to zeroand dropping the �6 terms, the Eq. (4) 
an be rewritten as(1 + �y212 Æ2y)Æ2xu+ (1 + �x212 Æ2x)Æ2yu = (1 + �x212 Æ2x)(1 + �y212 Æ2y)f +O(�4)= [1 + 112 (�x2Æ2x +�y2Æ2y)℄f +O(�4): (5)If we set the mesh aspe
t ratio 
 = �x=�y, we 
an rewrite the Eq. (5) into the followingform [25℄aui;j + b(ui+1;j + ui�1;j) + 
(ui;j+1 + ui;j�1) + d(ui+1;j+1 + ui+1;j�1 + ui�1;j+1 + ui�1;j�1)= �x22 (8fi;j + fi+1;j + fi�1;j + fi;j+1 + fi;j�1); (6)whi
h has a nine point 
omputational sten
il. Here the 
oeÆ
ients area = �10(1 + 
2); b = 5� 
2; 
 = 5
2 � 1; d = (1 + 
2)=2:Extrapolation and operator interpolation. With Eq. (6) we 
an �rst use the multigridmethod to 
ompute the fourth order a

urate solutions u2hi;j and uhi;j on the 
2h grid and
h grid, respe
tively. Then we apply the Ri
hardson extrapolation te
hnique, to 
omputea sixth order a

urate solution ~u2hi;j on 
2h.The general Ri
hardson extrapolation 
an be written as [4℄~u2hi;j = (2puh2i;2j � u2hi;j)2p�1 ; (7)where p is the order of a

ura
y before the extrapolation, and the order of a

ura
y will bein
reased to p+2 after the extrapolation. In this paper, the order p is equal to four, so theRi
hardson extrapolation formula we use is~u2hi;j = (16uh2i;2j � u2hi;j)15 : (8)4



By using Eq. (8) we 
an 
ompute the sixth order a

urate solution ~u2h on the 
oarse grid
2h. Then we need some interpolation te
hnique, as shown in Fig. 1, to interpolate thesixth order a

urate solution from the 
oarse grid 
2h to the �ne grid 
h. The (even; even)indexed grid points on 
h 
an be dire
tly interpolated as ~uh2i;2j = ~u2hi;j and it keeps the sixthorder a

ura
y. For other grid points, we need an operator based interpolation s
heme toa
hieve the sixth order a

ura
y.
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Figure 1: Illustration of the operator based interpolation s
heme for a 5�5 �ne grid.In Sun-Zhang's sixth order method [20℄ for the 2D 
onve
tion di�usion equation, they alsoapply an operator based interpolation s
heme together with the Ri
hardson extrapolationin ea
h ADI iteration. Sin
e the number of ADI iteration will in
rease qui
kly when themeshsize be
omes �ner, their extrapolation and interpolation parts will take a large amountof CPU 
ost. In order to avoid this, our new operator based interpolation pro
edure andthe Ri
hardson extrapolation are 
arried out only after we get the 
onverged �ne and 
oarsegrid fourth order a

urate solutions.We assume that Nx and Ny are both even numbers, our operator based interpolations
heme is an iterative pro
edure. In ea
h iteration, it will run the Ri
hardson extrapolation�rst to get the sixth order solution on the 
oarse grid, then it will use a di�erent interpolationstrategy to interpolate the sixth order solution for di�erent grid points on the �ne grid. One5



interpolation iteration (from step k to k + 1) is outlined in Algorithm 1.Algorithm 1 Operator based interpolation iteration 
ombined with the sixth orderRi
hardson extrapolation te
hnique.1: Let uhold = ~uh;k.2: Update every (even; even) grid point on 
h.From ~u2h;ki;j 2 
42h and ~uh;k2i;2j 2 
4h, we �rst 
ompute ~u2h;k+1i;j 2 
62h by Eq. (8), then usedire
t interpolation to get ~uh;k+12i;2j 2 
6h.3: Update every (odd; odd) grid point on 
h.From Eq. (6), for ea
h (odd; odd) point (i; j), the updated solution is~uh;k+1i;j = 1a [Fi;j � b(~uh;ki+1;j + ~uh;ki�1;j)� 
(~uh;ki;j+1 + ~uh;ki;j�1)� d(~uh;k+1i+1;j+1 + ~uh;k+1i+1;j�1 + ~uh;k+1i�1;j+1 + ~uh;k+1i�1;j�1)℄Here, Fi;j represents the right-hand side part of Eq. (6).4: Update every (odd; even) grid point on 
h.From Eq. (6), the idea is similar to the (odd; odd) grid point.5: Update every (even; odd) grid point on 
h.From Eq. (6), the idea is similar to the (odd; even) grid point.6: Compute the 2-norm R = jj~uh;k+1 � uholdjj2. If not 
onverged, go ba
k to Step 1.In Algorithm 1, 
4h and 
42h denote the fourth order a

urate solution spa
e, 
6h and 
62hmean the sixth order a

urate solution spa
e. ~uh;k is the approximate solution for the �negrid after k iterations. The operator based interpolation iteration will 
ontinue until the2-norm R of the 
orre
tion ve
tor is redu
ed to below a 
ertain toleran
e.3 Modi�ed Multis
ale Multigrid MethodThe 
onvergen
e rate of the multigrid method is independent of the grid size [2, 3, 21℄. Itis a very eÆ
ient method to solve large sparse linear systems arising from PDEs. Variousmultigrid implementation strategies with the fourth order 
ompa
t s
hemes to solve the 2Dand 3D Poisson equations or other PDEs like 
onve
tion di�usion equations are dis
ussedin [7, 10, 16℄. In this paper, we use a geometri
 multis
ale multigrid method [3, 16℄, similarto the full multigrid method, to 
ompute the fourth order a

urate solution on both the�ne and the 
oarse grids.We use the notations ulh, flh and Llh to represent the approximate solution, right-handside ve
tor and the �nite di�eren
e operator for the grid 
lh, respe
tively. I lh(l�1)h is therestri
tion operator from the grid 
(l�1)h to the grid 
lh and I(l�1)hlh is the interpolationoperator from the grid 
lh to the grid 
(l�1)h. The pro
edure of our multis
ale multigridmethod is shown in Fig. 2. The gray 
olor 
ir
le indi
ates the un
onverged solution u4hand the bla
k 
olor 
ir
les are the fourth order 
onverged solutions u2h and uh.6



V−Cycle for fine gridV−Cycle for 4h grid                             V−Cycle for 2h grid       Figure 2: Representation of our multis
ale multigrid method.Below we des
ribe a multigrid V-
y
le based algorithm to solve the 2D Poisson equation.Algorithm 2 Multis
ale Multigrid Method1: Run the multigrid V-Cy
le algorithm MG(u4h; f4h) on the 
oarser grid 
4h as in Fig.2 for one or two 
y
les to get an approximate solution u4h.2: Use some high order interpolation s
hemes, like the bi
ubi
 interpolation or operatorbased interpolation, to interpolate u4h to the 
oarse grid 
2h, u2h = I2h4hu4h.3: Relax �1 times on L2hu2h = f2h.4: Use u2h from the previous step as the initial guess to run the multigrid V-Cy
le algorithmMG(u2h; f2h) on the 
oarse grid 
2h until it 
onverges. We 
an get the 
onverged fourthorder a

urate solution u2h.5: Use a high order interpolation to interpolate u2h to the �ne grid 
h like uh = Ih2hu2h.6: Relax �1 times on Lhuh = fh.7: Use uh from the previous step as the initial guess to run the multigrid V-Cy
le algorithmMG(uh; fh) on the �ne grid 
h until it 
onverges. We 
an get the 
onverged fourthorder a

urate solution uh.The Algorithm 2 is similar to the full multigrid method, but we do not start from the
oarsest grid. Sin
e we use the interpolated 
oarse grid solution as the initial guess for the�ne grid V-Cy
le, this algorithm will need fewer number of multigrid 
y
les than we runthe V-Cy
le on 
h and 
2h separately to get the 
onverged fourth order a

urate solutionsuh and u2h [3, 16℄.For relaxation methods (smoothers) in this paper, we use point Gauss-Seidel relaxationand line Gauss-Seidel relaxation. The standard multigrid method with point Gauss-Seidel7



relaxation does not work well for the anisotropi
 Poisson equation [21, 25℄, instead we 
anuse line Gauss-Seidel relaxation method. The line relaxation s
heme has three strategies[28℄, X-Line s
heme, Y-Line s
heme and X-Y Line s
heme. In our multis
ale multigridmethod with both relaxation methods, we use standard bilinear interpolation to transfer
orre
tions from the 
oarse grid to the �ne grid, full weighting s
heme to proje
t residualfrom the �ne grid to the 
oarse grid, and bi
ubi
 interpolation to interpolate the initialguess in Step 2 and Step 5.4 Numeri
al ResultsIn this se
tion, we 
ompare our new sixth order multigrid method with Ri
hardson extrap-olation (MG-Six) strategy with Sun-Zhang's sixth order REC method (REC-ADI) [20℄ andwith the standard fourth order 
ompa
t di�eren
e s
heme using multigrid (MG-FOC). The
odes are written in Fortran 77 programming language and run on one pro
essor of an IMBHS21 blade 
luster at the University of Kentu
ky. The pro
essor has 2GB of lo
al memoryand runs at 2.0GHZ.The initial guess for the V-Cy
le on 
4h is the zero ve
tor. For the Problem 1, themultigrid V-Cy
le for the 
2h and 
h grids will stop when the 2-norm of the residual ve
toris redu
ed by 10�13, the iterative interpolation pro
edure will stop when the 2-norm of the
orre
tion ve
tor of the approximate solution is less than 10�13. For the Problem 2, bothof the stopping 
riteria will be 
hanged to 10�10. The errors reported are the maximumabsolute errors over the dis
rete grid of the �nest level. For the relaxation methods in ourtest 
ases, we use point Gauss-Seidel relaxation and X-Y Line Gauss-Seidel relaxation forthe Problem 1, and use point Gauss-Seidel relaxation and X-Line Gauss-Seidel relaxationfor the Problem 2.Problem 1. In order to 
ompare with Sun-Zhang's sixth order method, we 
onsider oneof the test 
ases in Sun-Zhang's paper [20℄. Sun and Zhang used a 2D 
onve
tion di�usionequation. We set the 
onve
tion 
oeÆ
ient as zero, then the equation is equal to a 2DPoisson equation. The test 
ase is as follows:�2u�x2 + �2u�y2 = �� sin(�b y); (x; y) 2 
 = [0; �℄ � [0; b℄; (9)where the boundary 
onditions areu(0; y) = u(�; y) = u(x; 0) = u(x; b) = 0:In this equation, the parameter � is 
hosen as� = F�Rb :8



The analyti
 solution of Eq. (9) is:u = ��( b� )2 sin(�yb )(e�xb � 1):The other parameters are 
hosen as� = 107m; b = 2� � 106m;F = 0:3 � 10�7m2s�2; R = 0:6� 10�3ms�1:In the following, we de�ne Nx = Ny = n. The mesh sizes �x and �y are equal to �=nand b=n, respe
tively. Table 1 and Fig. 3 show the 
omparison results for the Problem 1.Table 1: Numeri
al 
omparison results for the Problem 1.n strategy # iteration CPU error orderREC-ADI 237 0.020 1.32e-6 5.7MG-Six(point) (11,11), 40 0.001 1.32e-6 5.716 MG-FOC(point) 14 0.002 1.63e-5 3.9MG-Six(line) (5,6), 40 0.001 1.32e-6 5.7MG-FOC(line) 7 0.001 1.63e-5 3.9REC-ADI 901 0.302 2.27e-8 5.9MG-Six(point) (11,12), 39 0.007 2.27e-8 5.932 MG-FOC(point) 14 0.004 1.02e-6 4.0MG-Six(line) (6,7), 39 0.008 2.27e-8 5.9MG-FOC(line) 8 0.006 1.02e-6 4.0REC-ADI 3447 4.662 3.68e-10 5.9MG-Six(point) (12,13), 37 0.029 3.67e-10 6.064 MG-FOC(point) 15 0.022 6.39e-8 4.0MG-Six(line) (7,7), 36 0.033 3.67e-10 6.0MG-FOC(line) 9 0.024 6.40e-8 4.0REC-ADI >5000 { { {MG-Six(point) (13,13), 33 0.129 5.26e-12 6.1128 MG-FOC(point) 15 0.093 3.99e-9 4.0MG-Six(line) (7,8), 34 0.161 5.87e-12 6.0MG-FOC(line) 9 0.140 4.00e-9 4.0REC-ADI >5000 { { {MG-Six(point) (14,14), 30 0.880 1.27e-13 5.4256 MG-FOC(point) 16 0.465 2.47e-10 4.0MG-Six(line) (8,8), 30 1.202 1.11e-13 5.7MG-FOC(line) 8 0.737 2.50e-10 4.09



Table 1 shows the number of iterations and other information for di�erent solution strate-gies that we 
ompared. We 
an �nd that when the mesh be
omes �ner, the number of ADIiterations in
reases very qui
kly. When n > 64, the number of ADI iterations is greaterthan 5000, whi
h means it 
ould not 
onverge within the maximum number of iterationswe set. For the MG-Six method, the number of iterations 
ontains three parts. They arethe number of V-Cy
les for 
2h, the number of V-Cy
les for 
h, and the number of itera-tions for the iterative interpolation 
ombined with Ri
hardson extrapolation. These threenumbers are listed in the iteration 
olumns for MG-Six(point) and MG-Six(line) strategiesin Table 1. We 
an see that, by using our new sixth order 
ompa
t s
heme, the number ofV-Cy
les for 
h and 
2h are redu
ed 
ompared to the traditional multigrid V-Cy
le withthe FOC s
heme. We 
an also see that the REC-ADI method takes mu
h more iterationsthan the MG-FOC strategies from Fig. 3, and the multigrid method 
ombined with theline relaxation takes less iterations, but more CPU time, than the point relaxation.The data in Table 1 also indi
ates that the a

ura
y of the solution 
omputed by ournew sixth order method and the Sun-Zhang's method is 
omparable. When n > 64, ourmultigrid method 
an still 
ompute the high a

ura
y solution. The CPU time for ourmethod is mu
h less than that needed by the ADI iteration, and is better than running theMG-FOC separately twi
e to get uh and u2h.
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Problem 2. We 
onsider another Poisson equation in the form of�2u�x2 + �2u�y2 = �104�2 sin(10�x) 
os(2�y); (x; y) 2 
 = [0; 1℄ � [0; 1℄; (10)whi
h has a zero boundary 
ondition.The analyti
 solution of Eq. (10) is:u(x; y) = sin(10�x) 
os(2�y):Table 2: Numeri
al 
omparison results for the Problem 2.n strategy # iteration CPU error orderREC-ADI 37 0.003 6.29e-2 {MG-Six(point) (14,13), 20 0.001 6.29e-2 {16 MG-FOC(point) 9 0.002 6.33e-2 {MG-Six(line) (9,8), 20 0.001 6.29e-2 {MG-FOC(line) 7 0.001 6.33e-2 {REC-ADI 121 0.041 1.42e-3 5.5MG-Six(point) (13,11), 21 0.006 1.42e-3 5.532 MG-FOC(point) 11 0.004 3.39e-3 4.2MG-Six(line) (8,8), 21 0.006 1.42e-3 5.5MG-FOC(line) 8 0.003 3.39e-3 4.2REC-ADI 476 0.689 2.95e-5 5.6MG-Six(point) (11,11), 29 0.026 2.95e-5 5.664 MG-FOC(point) 12 0.015 2.01e-4 4.1MG-Six(line) (8,7), 29 0.025 2.95e-5 5.6MG-FOC(line) 8 0.016 2.01e-4 4.1REC-ADI 1848 10.802 5.10e-7 5.9MG-Six(point) (11,10), 32 0.115 5.10e-7 5.9128 MG-FOC(point) 12 0.063 1.24e-5 4.0MG-Six(line) (7,7), 32 0.113 5.10e-7 5.9MG-FOC(line) 9 0.070 1.24e-5 4.0REC-ADI >5000 { { {MG-Six(point) (10,10), 31 0.796 8.21e-9 6.0256 MG-FOC(point) 12 0.355 7.66e-7 4.0MG-Six(line) (8,7), 31 1.041 8.21e-9 6.0MG-FOC(line) 10 0.670 7.66e-7 4.0Like for the Problem 1, we also 
ompare the di�erent solution strategies indexed by thenumber of multigrid 
y
les or iterations, CPU time, the maximum absolute errors and the11



order of a

ura
y. The results are shown in Table 2 and Fig. 4. For the Problem 2, we useX-Line Gauss-Seidel relaxation instead of X-Y Line relaxation. The results of the order ofa

ura
y in Table 2 do not 
ontain the value for n = 16. The reason is we 
annot get thea

urate solution when n = 8, and we need the maximum error from both grids to 
omputethe order of a

ura
y for n = 16. That is also the reason why we need more iterations forthe MG-Six(point) and MG-Six(line) strategies when n = 16.
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Figure 4: Comparison of the number of iterations with REC-ADI, MG-FOC(point) andMG-FOC(line) methods for the Problem 2.On
e again, we see that the sixth order multigrid method 
omputes a

urate solutionwith a 
onvergen
e rate that is independent of the problem size. It is 
lear that MG-Sixmethod outperforms other methods.5 Con
luding RemarksWe designed a new sixth order 
ompa
t 
omputation s
heme with a multigrid method andRi
hardson extrapolation to solve the 2D Poisson equation. This new idea is based ondesigning a geometri
 multis
ale multigrid method, similar to the full multigrid method,to 
ompute the approximate solution using the fourth order 
ompa
t s
heme in both the�ne and the 
oarse grids. We also present a new iterative interpolation s
heme, whi
h is
ombined with the Ri
hardson extrapolation to a
hieve the sixth order a

ura
y on the �negrid.Numeri
al results show that the new numeri
al solution method 
an solve the 2D Poissonequation with highly a

urate solution 
ompared with other sixth order 
ompa
t s
hemes,12



and also keep the low CPU 
ost. This idea 
an also be extended to solve other PDEs su
has the 3D Poisson equation, 2D and 3D 
onve
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