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15. Curves and Surfaces

e Consider piecewise curves and surfaces only. Why?

SVl ===

e Can be used for font, carton character, car body, ...,
design/representation

0 § )
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11.1 Bezier curve segments of degree 3

C(t) = (1 - 1)°Py + 3t(1 — 1)*P; + 31*(1 = )P, + £’ P4

C(1)

Py
Matrix form:

ol 0 0 0 Py
Ct)y=[1,t,1° 1] 5_3 00 Eggl

-1 3 =3 1 0O0P;

IR .

:TD\/Ib[G
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e P, =(x;, y;) are called control points
e The polygon PyP,P,P; is called the control polygon

e The weights (1-1¢)°, 3t(1-1)*, 3t*(1-1), and 7 are
called blending functions

(1 -1)° t3

31(1 = 1)? 32(1 — 1)

Notes:
* Blending functions are always non-negative

e Blending functions always sum to 1
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C0)=Py; C(1) =P

(A Bezier curve always starts at P, and ends at P5.

C'(0) =30, -Py); C(1)=3P; -Py)

(A Bezier curve is tangent to the control polygon at the
endpoints)

C"(0)=6(P, —2P; +Py); C"(1)=6(P; —2P, +Py)
Bezier curve segments satisfy convex hull property

1.e., a Bezier curve segment is always contained in the
convex hull of its control points

C(1)

C(1)
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e Bezier curves have intuitive appeal for interactive users

11.2 General Bezier curve

CtH=5 B, ()P =5 41 - pyip,,
i=0 i=o U [
O n!
here 0<r<1 and =— . B. (t) are
W 00 - el

again called blending functions and P; control points.
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e All the properties mentioned on pages 102 and 103
hold for general Bezier curves.

A recurrance relation:

7= 1 D Dn 1 ]
C(t) - (1 - t) Z Bll’L 1(t) Pl |:| ZO Bln l(t) l)1+1 0

Dnlw—lm. : [

_ — 1= p
=(-nmz g, o 4-0"TRD

DnlD—IDl , [

+ ¢ t (1= P,
D20 of (70" P D



Curve computation
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P, 13 P,
1/3
C(1/3)
1/3
Py
If degree = 3 then
1 2 U2 02 1 0 102
C(=)==[% "ZPy+-P, +- P
3 30303 073 0 30307
GJLlg2 B, 10102,
3037320 303 2 ¥

1
+ P

3 20

1
—P
3

N4
[]

U
3 DD
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Midpoint Curve Subdivision

C(172)

Py, M, N, O are control points of C(¢), 0 <t <1/2, and
O, P, Q,P; are control points of C(¢), 1/2<r<1.

Recursively subdivide the control polygons at the mid-
points, we can divide the curve into many small seg-
ments, each with its own control points.

These control points, when connected, form a good
linear approximation of the curve C(¢). (This linear
approximation is usually used to to find the intersec-
tion points of two Bezier curves)
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11.3 Composite Bezier Curves

e Bezier curve segments can be joined together to form
complicated shapes

Py, P,, P,, and P; are control points of the 1st segment
P;, P,, Ps, and P¢ are control points of the 2nd segment

P,, P;, and P, are collinear (to guarantee smooth joint)
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Smoothness (continuity) at Join Points:
C': the endpoints coincide
G': tangents have the same slope

C': the first derivatives on both segments match at join
point

C*: nth derivatives on both segments match at join
point
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Py, P, P,, and P;: control points of the 1st segment

P;, P,, P5, and P¢: control points of the 2nd segment

e G'-continuity: P,, P;, and P, are collinear
(See the above example)

e C'-continuity: P,, P;, and P, are collinear and P; is the
midpoint of P,P,
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e (C*-continuity:
* P,, P;, and P, are collinear
* P3 1s the midpoint of P,P,

* Ps=P; +4P; - P,)
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11.4 Curve Fitting using Composite Bezier
Curves

e Give a set of data points Dy, Dy, ..., D, (n=2), how
can a composite cubic Bezier curve that interpolates
these points be constructed?

e The composite cubic Bezier curve has n segments
C,(t), Cy1), ..., C,(tr) with D,_; and D, being the
start and end points of C;(¢)

e The composite cubic Bezier curve is C*-continuous
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An analysis of the problem:

e To get the curve constructed, how many control points
are needed?

e But how many of them are known to us now?

* So, how many of them remain to be computed?

* And how should they be computed?

(How should the C'- and C*-continuity conditions be
used?)
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Let P;y, P;;, P;», P;5 be the control points of the C;(z).

Then for each two adjacent Bezier segments C;(t) and
C;;,(1), we have

Pis=D; =Py

Py —-D;=D;,-P;,

P =P =2(Piyy —Piy)

P, P,
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Hence, we have a system of 2(n—1) equations in 2n

B f
unknows OP;;, P, [
] L=1

EPi,Z + Py =2D;

. i=1.2. ... .n<1L1)
gPi,l —2P;, +2Puy P2 =0

Two extra conditions can be given as follows:
1. P;;and P,, are specified by the user, or

2. requiring the composite Bezier curve to have zero 2nd
derivative at D, and D,,.

ECIH(O) =6 (P, —2P;; tP;y)=0

B (11.2)
gcn”m =6 (P,3 —2P,, +P, ;) =0
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For instance, using the 2nd approach for the extra condi-
tions, (11.2), together with (11.1), we get a system of 2n
equations in 2n unknowns, as follows:

] 0 O
2 -1 M Py, O O Dy
1] 0 O
0 1 1 = P, = D2D1
1 _2 2 _1 |:|]:| P2’1 |:| |:| O
1] 0 O
1] =[O
' M - 0O O
O I 1 [M0P,1, O D,
_ _1 0 O
1 2 2 -1 — P, g0 0
-1 2 mP,po g gD,
] 0 O

This system of equations can be solved using Gaussian
elimination without pivoting.

(N I
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11.5 Forward Differencing

e Another technique to render a (cubic) curve

e Each component of a cubic Bezier curve is a polyno-
mial of degree 3. Hence, the question is: how to effi-
ciently compute points of a cubic polynomial f(¢) at 0,
5, 28,38, ..., 17

0 o 20 30 40 50 60 - - - 1

e Forward differencing: only three additions are
needed to compute a new point
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Let

fH=a+t+ct>+d, 00, 1] (%)
and & > 0 given. Define

Af(t)=f(t+0) - f@), U0, 1] (*)

A is called a forward differencing operator

[t +0)
faoy - BFO

5 I+ 0

If we know f(¢) and Af (¢ + ) then from (*) we have

f+20)=f@)+Af(1) (**)
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Equation (**) shows that if we know f(0) and Af(0) then
we can compute f(0) as follows:

f(0) = f(0)+Af(0)

If we know f(s) and Af(s) then we can compute f(25) as
follows:

f@22) = f(o) + Af(2)

If we know f(20) and Af(2s) then we can compute f(30)
as follows:

f(39) = f(20) + Af(2)

SO 2 fle Qo) 2 fBs) o fds) ...

Af(0) Af(s) Af(20) Af(39) Af(49)
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Note that
Af(t) = (bs+cs”+ds°) + (2cs +3ds*)t + (3d s)t* (¥%%)

a polynomial of degree 2. So Af(s), Af(20), ... are com-
putable.

But, instead of using (***) directly, is there a way to com-
pute Af(0), Af(20), Af(30), ... more efficiently? YES

If we define

A (1) = MAF() = Af(t + 8) — Af(2) (#)

then Af(t + 5) can be computed as follows if Af(¢) and
A’ £(¢) are known to us

Af(t+ o) = Df(t) + N (1) (##)
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For instance, if Af(0) and A® £(0) are known to us then we
can compute Af (o) as follows:

Af(8) = Af(0) + A® £(0)

If Af(s) and A’ f(5) are known to us then we can compute
Af (20) as follows:

Af(20) = Af(2) + N f(5)

If Af(25) and A? f(25) are known to us then we can com-
pute Af(30) as follows:

Af(36) = Df(26) + I f(25)

SO 2 fle) Qo) 2 fBs) o fds) ...

AFO) — L Af(S) — - AFQRS) — - Af(3s) — - Af(45)
A% £(0) -~ A f(5) -~ Azf(Za“)/ Azf(3a“)/ A f(45)
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Note that
N’ f(1) = (2cs” +6d5° ) + (6d5)t, ()

a polynomial of degree 1. So A? f(0), A f(5), A f(20), ...
are computable.

But, again, is there a way to compute A?f(s), A f(20),
N’ f(35), ... more efficiently, instead of using (###) ? YES

Define

N (1) = MO f(1) = N f(t + 8) - N f(¢t) (&)

From (###), we have
N f(1) =6d5°, (&&)

a constant.



-227 -

Equation (&) shows that if A% f(r) and A’ f(¢) are known to
us then A% (¢ + &) can be computed as their sum.

N f(t+8)=DNf(t)+ N f(1) (&&&)

For instance, if A? £(0) and A’ £(0) are known to us then we
can compute A’ f(&) as follows:

N f(5) = ¥ £(0) + & £(0)

If A% f(s) and A’ f(5) are known to us then we can com-
pute A% £(25) as follows:

N f(20) = N f(5) + ¥ f(5)

If A’ f(25) and A’ f(25) are known to us then we can com-
pute A% £(35) as follows:

N f(36) = N f(20) + I f(20)
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Note that, since A® f(¢) is a constant (see (&&)), we have
NFO)=N (=D FQ2s)=Nf(3s)=--- =6ds5>

This value, 6ds°, has to be computed only once, for

A’ £(0).

Hence, if 5 = 1/n, we can generate n + 1 points

JO), f(), f29), ..., f((n—1)s), f(ns)=f(1)

on f(z) as follows.

SO 2 fle) 2 fQo) 2 fBs) o fds) ...

AF(0) — L AF(5) — > Df(2S) —— Af(3S) —— Af(40)
A? £(0) 4 A’ £(5) 4 N? f(2§)4 N? f(3§)4 N’ £ (45)
NfO) = Nf(o) = NfQo) = NfGBe) = N f(40)
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One needs to compute the values of f(0), Af(0), A*f(0),
and A’ f(0) using (%), (***), (###), and (&&), respec-
tively, first.

fO)=a
Af(0)=bs+cs” +dos
A’ £(0) = 2¢s” + 6d5°

N’ £(0) = 6ds5°

These terms requires several multiplications. But every
subsequent point then requires 3 additions to compute
only.

For instance, once we have the values of f(0), Af(0),
A’ £(0), and A’ £(0) in the first column of the above table,
we can then compute the values of the items in the second
column by adding Af(0) to £(0) to get f(s), adding A* £(0)
to Af(0) to get Af(s), adding A’ f(0) to A*f(0) to get
N’ £(5), and setting A® £(5) = A’ £(0).
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The values of the items in the third column are deter-
mined using a similar approach, i.e., adding Af () to f()
to get f(20), adding A* f(s) to Af(s) to get Af(2s), adding
Nf(5) to N f(5) to get A f(2s), and setting
N f(26) = IV f(5).

Each of this iteration process requires three additions.

Note that only the items above the line in the above table
are needed in the rendering process of the curve. The
items below the line are used to find the items above the
line.

Forward differencing is the most efficient curve render-
ing technique. However, since numerical errors will be
propagated all the way from f(0) to the last term,
f(no) = f(1), it is not numerically stable.
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11.6 Cubic Uniform B-Spline Curves

* A curve representation with local property

A Cubic Uniform B-Spline Curve segment

For four given control points Py, P, P, and P5, a cubic uniform
B-spline curve segment is defined as follows:

) = (1-1)° P+ (4 — 61% +31%) L (1+31+31* -3¢) p, + ﬁP3
6 6 6 6
0<r<l
P, P,
/Es—(t)\
P;
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Matrix form

nl 4 1 0Py O

1 -3 0 3 o uUbp, U
Cs(t):[l,t,t2,t3]g|:|3 3 ODDPI =T M LG

[] O0" 2 [

=1 3 =3 100P; O

Blending functions

1 2 12,3 1(1+3t+3t2—3t3)
6(4—6t + 3¢°) 6

1
6(1—1‘)3 — 1
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Properties of B-spline blending fuunctions

Non-negative
Sum =1

Hence, again, a B-spline curve segment i1s always con-
tained in the convex hull of its control points.

However, C,(0) # P, and C,(1) # P5. Actually

1 2 1
CS(O)ZEPO+§P1 "‘ng

1 2 1
Cs(l):8P1 +§P2+8P3
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A Cubic Uniform B-Spline Curve

Given a set of n control points, one can define a cubic (uniform)
B-spline curve with (n — 3) segments.

The first segment, C;(z), is defined by the first four control
pOintS: P(), Pl’ Pz, P3.

The second segment, C,(¢), is defined by the second four control
pOil’ltS: Pl’ P2, P3, P4.

The last one, C,5(¢), by P, 5, P, »,P,_{, P,,.
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Properties/Advantages of a B-spline curve

e Local property (changing one control point will affect
at most four segments)

e (C? continuity at the joints
e Compact form for multiple segments

e (Can use multiple control points to achieve exact point
interpolation

P,=P, =P,
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11.7 Bicubic Bezier surface patches

3 3
S(u,v) = ZO ZO B;5(u) Bj3(v) P; ;
l: J:

where

3
B 5(t) = gk gk(l -0*, 0<u,v<il

P3,3
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Matrix form

OPoo Poi Por Pz ool -3 3 -1 ool
Jp,, P, P, Py UD 3 -6 300y |
DPLO P1,1 P1,2 P1,3 DEP O 10, |
nt2o Yoi oo Fosz 00V
OPsy P3; Py, P35O0 0 0 1 00
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Satisfies convex hull property

Subdivision process

- Subdivide in « and then subdivide in v

Rendering techniques

 Wire frame: generate iso-parametric curves in both
directions

e Shaded images:
e Ray tracing

e Scan convert approximating polygons: approxi-
mate the surface patch by a set of fine polygons
(triangles or quadriterals) and then shade the
polygons

Patches can be joined together to form complicated
shapes



- 239 -
11.8 Bicubic B-spline surfaces

Bicubic B-spline surface patch

3 3
Ss(l/l, V) - Z z Ni,?,(u) Nj,3(V) Pi,j , 0< u,v < 1
i=0 j=0
where

Nos(1) = (1 =1)°/6

Ny 5(t) = (4 =6t +31°)/6

Ny5(t) = (1 +3t +3t> = 3)/6

Ns5(t) =116

P3,3



Matrix form
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1 4

[F3 0
[ 1w, u’,u’] O

1 3

00
o U
o O
[]
1 O
3 -1 gl
-6 3 EEV
_ 2
3 3 00V
0 100y
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Bicubic B-spline surface

Given a set of (m+1)X(n+1) control points P;;,
i=0,1,...,m, j=0,1,...,n, one can construct a bicubic (uni-
form) B-spline surface with (m —2) X (n —2) patches

Patch C, ;(u,v) is a bicubic (uniform) B-spline patch defined by
the first 4 X 4 control points P; ;, 1 =0,1,2,3, j=0,1,2, 3.

Patch C, ;(u,v) is a bicubic (uniform) B-spline patch defined by
P,.,i=1,2,3,4,;=0,1,2,3.

I,j°

etc




