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Abstract

A new adaptiv e rendering metho d for Catm ull-Clark

sub division surfaces is presen ted. The new metho d

is based on direct ev aluation of the limit surface to

generate an inscrib ed p olyhedron of the limit surface.

The new metho d can precisely measure error for ev-

ery p oin t of the limit surface. Hence, it has complete

con trol of the accuracy of the rendering result. Crac ks

are a v oided b y using a recursiv e color marking pro cess

to ensure that adjacen t patc hes or subpatc hes use the

same limit surface p oin ts in the construction of the

shared b oundary . The new metho d p erforms limit sur-

face ev aluation only at p oin ts that are needed for the

�nal rendering pro cess. Therefore it is b oth computa-

tion and memory e�cien t.

CR Categories : I.3.5 [Computer Graphics]: Compu-

tational Geometry and Ob ject Mo delling - curv e, sur-

face, solid and ob ject represen tations;

Keyw ords : sub division, Catm ull-Clark surfaces,

adaptiv e rendering, surface ev aluation

1 In tro duction

There are t w o p ossible approac hes for the adaptiv e

tessellation of a sub division surface. One is a mesh-

r e�nement-b ase d (MRB) approac h. It appro ximates

the limit surface b y adaptiv ely re�ning the con trol

mesh of the surface. The resulting mesh usually do es

not in terp olate the limit surface. The other one is

a surfac e-evaluation-b ase d (SEB) approac h. This ap-

proac h appro ximates the limit surface b y generating

an inscrib ed p olyhedron of the limit surface, with v er-

tices of the p olyhedron tak en (ev aluated) adaptiv ely

from the limit surface. The MRB approac h needs a

sub division sc heme, suc h as the Catm ull-Clark metho d

or the Do o-Sabin metho d, to re�ne the input mesh.

Most metho ds prop osed in the literature for adap-

tiv e tessellation of sub division surfaces b elong to this

category . The second approac h needs a parametriza-

tion/ev aluation metho d for the limit surface. With

the a v ailabilit y of direct ev aluation metho ds of sub divi-

sion surfaces [2, 3, 4 , 6], the second approac h could b e

more app ealing for adaptiv e tessellation of sub division

surface b ecause of its simplicit y in nature. Curren tly

there is only one pap er published in this category [9 ].

This pap er w orks parametrization of Lo op sub division

sc heme that repro duces linear functions [16 ]. Nothing

has b een done for parametrization of Catm ull-Clark

sub division sc heme [2, 6 ] y et.

In this pap er w e will presen t an SEB approac h for

adaptiv e tessellation of Catm ull-Clark sub division sur-

faces. The new metho d can precisely measure error for

ev ery p oin t of the limit surface. Hence, it has com-

plete con trol of the accuracy of the rendering result.

Crac ks are a v oided b y using a recursiv e color marking

pro cess to ensure that adjacen t patc hes or subpatc hes

use the same limit surface p oin ts in the construction of

the shared b oundary . The new metho d p erforms limit

surface ev aluation only at p oin ts that are needed for

the �nal rendering pro cess. Therefore it is b oth com-

putation and memory e�cien t.

The remaining part of the pap er is arranged as fol-

lo ws. A brief review of previous w orks related to this

one is giv en in Section 2. A description of the basic idea

of our adaptiv e rendering tec hnique is giv en in Section

3. The issue of crac k elimination is discussed in Sec-

tion 4. Algorithms of our tec hnique are presen ted in

Seciton 5. T est results are sho wn in Section 6. The

concluding remarks are giv en in Section 7.

2 Previous W ork

2.1 Catm ull-Clark Sub division Sur-

faces

Giv en a con trol mesh, a Catmul l-Clark sub division sur-

fac e (CCSS) is generated b y iterativ ely re�ning (sub-

dividing) the con trol mesh [1] to form new con trol

meshes. The sub dividing pro cess consists of de�ning

new v ertices ( fac e p oints , e dge p oints and vertex p oints )

and connecting the new v ertices to form new edges and
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Figure 1: Con trol v ertices of an extra-ordinary patc h

and their lab eling.

faces of a new con trol mesh. A CCSS is the limit sur-

face of the sequence of re�ned con trol meshes. The

limit surface is called a sub division surfac e b ecause the

mesh re�ning pro cess is a generalization of the uniform

B-spline surface sub division te chnique . The valenc e of

a mesh v ertex is the n um b er of mesh edges adjacen t to

the v ertex. A mesh v ertex is called an extr a-or dinary

vertex if its v alence is di�eren t from four. V ertex V

in Figure 1 is an extra-ordinary v ertex of v alence �v e.

A mesh face with an extra-ordinary v ertex is called

an extr a-or dinary fac e .

1

The valanc e of an extra-

ordinary face is the v alence of its extra-ordinary v er-

tex. Giv en an extra-ordinary face, if the v alence of its

extra-ordinary v ertex is n , then the surface patc h cor-

resp onding to this extra-ordinary face is in
uenced b y

2 n + 8 con trol v ertices. The con trol v ertices sho wn in

Figure 1 are the ones that in
uence the patc h mark ed

with an \ S ". Recen t w ork [2 , 3 , 4 , 6 ] sho ws that an y

p oin t in the limit surface of a CCSS can b e exactly and

directly ev aluated from its 2 n + 8 con trol p oin ts. Hence

con trol mesh sub division is not absolutely necessary for

the rendering of a CCSS.

2.2 Adaptiv e T essellation

A n um b er of adaptiv e tessellation metho ds for sub di-

vision surfaces ha v e b een prop osed [5, 7 , 8, 9 , 12 , 13 ].

Most of them are mesh re�nemen t based, i.e., appro xi-

mating the limit surface b y adaptiv ely re�ning the con-

trol mesh. This approac h requires the assignmen t of a

sub division depth to eac h region of the surface �rst.

In [5], a sub division depth is calculated for eac h patc h

of the giv en Catm ull-Clark surface with resp ect to a

giv en error tolerance � . In [7 ], a sub division depth is

estimated for eac h v ertex of the giv en Catm ull-Clark

surface b y considering factors suc h as curv ature, visi-

bilit y , mem b ership to the silhouette, and pro jected size

1

Here, without loss of generalit y , w e assume eac h patc h has

at most one extra-ordinary v ertex

of the patc h. The approac h used in [5] is error con trol-

lable. An error con trollable approac h for Lo op surface

is prop osed in [9 ], whic h calculates a sub division depth

for eac h patc h of a Lo op surface b y estimating the dis-

tance b et w een t w o b ounding linear functions for eac h

comp onen t of the 3D represen tation.

Sev eral other adaptiv e tessellation sc hemes ha v e

b een presen ted as w ell [8, 13 , 12 ]. In [8], t w o metho ds

of adaptiv e tessellation for triangular meshes are pro-

p osed. The adaptiv e tessellation pro cess for eac h patc h

is based on angles b et w een its normal and normals of

adjacen t faces. A set of new error metrics tailored to

the particular needs of surfaces with sharp creases is

in tro duced in [12 ].

In addition to v arious adaptiv e tessellation sc hemes,

there are also applications of these tec hniques. D. Rose

et al. used adaptiv e tessellation metho d to render ter-

rain [15 ] and K. M • uller et al. com bined ra y tracing

with adaptiv e sub division surfaces to generate realistic

scenes [11]. Adaptiv e tessellation is suc h an imp ortan t

tec hnique that an API has b een designed for its general

usage [14 ]. Actually hardw are implemen tation of this

tec hnique has b een rep orted recen tly as w ell [10].

A problem with the mesh-re�nemen t-based, adap-

tiv e tessellation tec hniques is the so called gap-

prev en tion requiremen t. Because the n um b er of new

v ertices generated on eac h b oundary of the con trol

mesh dep ends on the sub division depth, gaps (or,

crac ks) could o ccur b et w een the con trol meshes of adja-

cen t patc hes if these patc hes are assigned di�eren t sub-

division depths. Hence, eac h mesh-re�nemen t-based

adaptiv e tessellation metho d needs some sp ecial mec h-

anism to eliminate gaps. This is usually done b y p er-

forming additional sub division or splitting steps on the

patc h with lo w er sub division depth. As a result, man y

unnecessary p olygons are generated in the tessellation

pro cess. In this pap er, w e will adaptiv ely tessellate a

sub division surface b y taking p oin ts from the limit sur-

face to form an inscrib ed p olyhedron of the limit sur-

face, instead of re�ning the con trol mesh. Our metho d

simpli�es the pro cess of gap detecting and elimination.

It do es not need to p erform extra or unnecessary ev al-

uations either.

2.3 Ev aluation of a CCSS P atc h

Sev eral approac hes [2, 3, 4 , 6 ] ha v e b een presen ted for

exact ev aluation of an extraordinary patc h at an y pa-

rameter p oin t ( u; v ). In this pap er, w e will follo w the

parametrization tec hnique presen ted in [6]. This tec h-

nique is n umerically stable, emplo ys less eigen basis

functions, and can b e used to ev aluate b oth p osition

and normal of an y p oin t in the limit surface exactly
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and explicitly . Some related results of [6] are summa-

rized b elo w.

The parametrization/ev aluation approac h of [6 ] is

presen ted for general Catm ull-Clark sub division sur-

face. That is, the new vertex p oint V

0

of V after one

sub division is computed as follo ws:

V

0

= �

n

V + �

n

n

X

i =1

E

i

+ 


n

n

X

i =1

F

i

where �

n

, �

n

and 


n

are p ositiv e n um b ers and �

n

+

�

n

+ 


n

= 1. In a general Catm ull-Clark sub division

surface, new fac e p oints and e dge p oints are computed

the same w a y as in an ordinary Catm ull-Clark sub-

division surface [1]. The parametrization/ev aluation

approac h of [6] is based on an 
 � par tition of the pa-

rameter space [2, 6 ]. After a detoured sub division path

and some sp eci�c transforms [6 ], ev ery p oin t in the pa-

rameter space of a patc h can b e explicitly and precisely

ev aluated as follo ws.

S ( u; v ) = W

T

K

m

n +5

X

j =0

�

m � 1

j

M

b;j

G (1)

where n is the v alance of the extraordinary patc h,

2

W is a v ector con taining the 16 B-spline p o w er basis

functions:

W

T

( u; v ) = [1 ; u; v ; u

2

; uv ; v

2

; u

3

; u

2

v ; uv

2

; v

3

;

u

3

v ; u

2

v

2

; uv

3

; u

3

v

2

; u

2

v

3

; u

3

v

3

] ;

with 0 � u; v � 1, K is a diagonal matrix:

K = D iag (1 ; 2 ; 2 ; 4 ; 4 ; 4 ; 8 ; 8 ; 8 ; 8 ; 1 6 ; 1 6 ; 1 6 ; 3 2 ; 32 ; 64 ) ;

and m and b are de�ned as follo ws:

m ( u; v ) = min fd l og

1

2

u e ; d l og

1

2

v eg ;

b ( u; v ) =

8

<

:

1 ; if 2

m

u � 1 and 2

m

v < 1

2 ; if 2

m

u � 1 and 2

m

v � 1

3 ; if 2

m

u < 1 and 2

m

v � 1 ;

�

j

, 0 � j � n + 5, are eigen v alues of the Catm ull-Clark

sub division metrix and M

b;j

, 1 � b � 3, 0 � j � n + 5,

are matrices of dimension 16 � (2 n + 8). �

j

and M

b;j

are indep enden t of ( u; v ) and their exact expressions

are giv en in [6]. G is the v ector of con trol p oin ts (See

Fig. 1 for their lab eling):

G = [ V ; E

1

; � � � ; E

n

; F

1

; � � � ; F

n

; I

1

; � � � ; I

7

]

One can compute the deriv ativ es of S ( u; v ) to an y

order b y di�eren tiating W ( u; v ) in Eq. (1) accordingly .

F or example,

@

@ u

S ( u; v ) = (

@ W

@ u

)

T

K

m

n +5

X

j =0

�

m � 1

j

M

b;j

G: (2)

2

Eq. (1) w orks for regular patc hes as w ell, i.e., when n = 4.

(a) Circumscrib ed (b) Inscrib ed

Figure 2: Inscrib ed and Circumscrib ed Appro ximation.

With the explicit expression of S ( u; v ) and its par-

tial deriv ativ es, one can easily get the limit p oin t of an

extraordinary v ertex in a general Catm ull Clark sub-

division surface:

S (0 ; 0) = [1 ; 0 ; � � � ; 0] � M

b;n +1

� G (3)

and the �rst deriv ativ es:

D

u

(0 ; 0) = [0 ; 1 ; 0 ; 0 ; � � � ; 0] � M

b; 2

� G

D

v

(0 ; 0) = [0 ; 0 ; 1 ; 0 ; � � � ; 0] � M

b; 2

� G

where D

u

and D

v

are the direction v ectors of

@ S (0 ; 0)

@ u

and

@ S (0 ; 0)

@ v

, resp ectiv ely . The normal at (0 ; 0) is the

cross pro duct of D

u

and D

v

.

3 Basic Idea

3.1 Inscrib ed Appro ximation

One w a y to appro ximate a curv e (surface) is to use

its con trol p olygon (mesh) as the appro ximating p oly-

line (p olyhedron). F or instance, in Figure 2(a), at the

top are a cubic B � ezier curv e and its con trol p olygon.

F or a b etter appro ximation, w e can re�ne the con trol

p olygon using midp oin t sub division. The solid p olyline

at the b ottom of Fig. 2(a) is the appro ximating con-

trol p olygon after one re�nemen t. This metho d relies

on p erforming iterativ e re�nemen t of the con trol p oly-

gon or con trol mesh to appro ximate the limit curv e or

surface. Because this metho d appro ximates the limit

shap e from con trol p olygon or con trol mesh \outside"

(more or less) the limit shap e, w e call this metho d cir-

cumscrib e d appr oximation .

Another p ossible metho d is inscrib e d appr oximation .

Instead of appro ximating the limit curv e (surface) b y

p erforming sub division on its con trol p olygon (mesh),

one can appro ximate the limit curv e (surface) b y in-

scrib ed p olygons (p olyhedra) whose v ertices are tak en
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from the limit curv e (surface) directly . The easiest ap-

proac h to get v ertices of the inscrib ed p olygons (p oly-

hedra) is to p erform uniform midp oin t sub division on

the parameter space and use the ev aluated v ertices of

the resulting subsegmen ts (subpatc hes) as v ertices of

the inscrib ed p olylines (p olyhedra). F or instance, in

Figure 2(b), at the top are a cubic B � ezier curv e and

its appro ximating p olygon with v ertices ev aluated at

parameter p oin ts 0, 1/2 and 1. Similarily , the solid

p olygon at the b ottom of Figure 2(b) is an appro ximat-

ing p olygon with v ertices ev aluated at �v e parameter

p oin ts.

Because inscrib ed appro ximation uses p oin ts di-

rectly lo cated on the limit curv e or surface, in most

cases, it has faster con v ergen t rate than the circum-

scrib ed appromimation. As one can see from Fig. 2

that the inscrib ed p olygon at the b ottom of Fig. 2(b)

is closer to the limit curv e than the circumscrib ed p oly-

gon sho wn at the b ottom of Fig. 2(a) ev en though the

inscrib ed p olygon actually has less segmen ts than the

circumscrib ed p olygon.

Ho w ev er, the problem with b oth approac hes is that,

with uniform sub division, no matter it is p erformed on

the con trol mesh or the parameter space, one w ould

get unnecessarily small and dense p olygons for surface

patc hes that are already 
at enough and, consequen tly ,

slo w do wn the rendering pro cess. T o sp eed up the

rendering pro cess, a 
at surface patc h should not b e

tessellated as densely as a surface patc h with big cur-

v ature. The adaptiv e tessellation pro cess of a surface

patc h should b e p erformed based on the 
atness of the

patc h. This leads to our adaptiv e inscrib ed appro xi-

mation.

3.2 Adaptiv e Inscrib ed Appro ximation

F or a patc h of S ( u; v ) de�ned on u

1

� u � u

2

and

v

1

� v � v

2

, w e try to appro ximate it with the quadri-

lateral formed b y its four v ertices V

1

= S ( u

1

; v

1

),

V

2

= S ( u

2

; v

1

), V

3

= S ( u

2

; v

2

) and V

4

= S ( u

1

; v

2

). If

the distance (to b e de�ned b elo w) b et w een the patc h

and its corresp onding quadrilateral is small enough,

then the patc h is considered 
at enough and will b e

(for no w) replaced with the corresp onding quadrilat-

eral in the rendering pro cess. Otherwise, w e p erform a

midp oin t sub division on the parameter space b y setting

u

12

=

u

1

+ u

2

2

and v

12

=

v

1

+ v

2

2

to get four subpatc hes: [ u

1

; u

12

] � [ v

1

; v

12

], [ u

12

; u

2

] �

[ v

1

; v

12

], [ u

12

; u

2

] � [ v

12

; v

2

], [ u

1

; u

12

] � [ v

12

; v

2

], and re-

p eat the 
atness testing pro cess on eac h of the sub-

patc hes. The pro cess is recursiv ely rep eated un til the

distance b et w een all the subpatc hes and their corre-

sp onding quadrilaterals are small enough. The v ertices

of the resulting subpatc hes are then used as v ertices of

the inscrib ed p olyhedron of the limit surface. F or in-

stance, if the four rectangles in Figure 3(a) are the pa-

rameter spaces of four adjacen t patc hes of S ( u; v ), and

if the rectangles sho wn in Figure 3(b) are the parame-

ter spaces of the resulting subpatc hes when the ab o v e


atness testing pro cess stops, then the limit surface

will b e ev aluated at the p oin ts mark ed with small solid

circles to form v ertices of the inscrib ed p olyhedron of

the limit surface.

1 2

3 4

(b)(a)

Figure 3: Basic idea of the construction of an inscrib ed

p olyhedron.

In the ab o v e 
atness testing pro cess, to measure

the di�erence b et w een a patc h (or subpatc h) and its

corresp onding quadrilateral, w e need to parametrize

the quadrilateral as w ell. The quadrilateral can b e

parametrized using a simple bilinear in terp olation, as

follo ws:

Q ( u; v ) =

v

2

� v

v

2

� v

1

(

u

2

� u

u

2

� u

1

V

1

+

u � u

1

u

2

� u

1

V

2

)

+

v � v

1

v

2

� v

1

(

u

2

� u

u

2

� u

1

V

4

+

u � u

1

u

2

� u

1

V

3

)

(4)

where u

1

� u � u

2

, v

1

� v � v

2

. The di�er enc e

b et w een the patc h (or subpatc h) and the corresp onding

quadrilateral at ( u; v ) is de�ned as

d ( u; v ) = k Q ( u; v ) � S ( u; v ) k

2

= ( Q ( u; v ) � S ( u; v )) � ( Q ( u; v ) � S ( u; v ))

T

(5)

where k � k is the second norm and A

T

is the transp ose

of A . The distanc e b et w een the patc h (or subpatc h)

and the corresp onding quadrilateral is the maxim um

of all the di�erences:

D = max f

p

d ( u; v ) j ( u; v ) 2 [ u

1

; u

2

] � [ v

1

; v

2

] g :

T o measure the distance b et w een a patc h (or subpatc h)

and the corresp onding quadrilateral, w e only need to

measure the norms of all lo cal minima and maxima

of d ( u; v ). Note that Q ( u; v ) and S ( u; v ) are b oth

C

1

-con tin uous, and d ( V

1

), d ( V

2

), d ( V

3

) and d ( V

4

)

4



m=1

m=2

m=3

Extra-ordinary subpatch
Extra-ordinary point

Figure 4: P artitioning of the unit square.

are equal to 0. Therefore, b y Me an V alue The or em ,

the lo cal minima and maxima m ust lie either inside

[ u

1

; u

2

] � [ v

1

; v

2

] or on the four b oundary curv es. In

other w ords, they m ust satisfy at least one of the fol-

lo wing three conditions:

8

<

:

@ d ( u;v )

@ u

= 0

v = v

1

or v = v

2

u

1

� u � u

2

8

<

:

@ d ( u;v )

@ v

= 0

u = u

1

or u = u

2

v

1

� v � v

2

8

<

:

@ d ( u;v )

@ u

= 0

@ d ( u;v )

@ v

= 0

( u; v ) 2 ( u

1

; u

2

) � ( v

1

; v

2

)

(6)

F or a patc h (or subpatc h) that is not adjacen t to an

extraordinary p oin t (i.e., ( u

1

; v

1

) 6= (0 ; 0)), m is �xed

and kno wn ( m ( u; v ) = min fd l og

1

2

u e ; d l og

1

2

v eg ). Hence

Eq. (6) can b e solv ed explicitly . With the v alid solu-

tions, w e can �nd the di�erence for eac h of them using

Eq. (5). Supp ose the one with the biggest di�erence

is ( ^ u; ^v ). Then ( ^ u; ^v ) is also the p oin t with the biggest

distance b et w een the patc h (or subpatc h) and its cor-

resp onding quadrilateral. The patc h (or subpatc h) is

said to b e 
at enough if

D =

p

d ( ^u ; ^v ) � � (7)

where � is a giv en error tolerance. In suc h a case, the

patc h (or subpatc h) is replaced with the corresp onding

quadrilateral in the rendering pro cess. If a patc h (or

subpatc h) is not 
at enough y et, i.e., if Eq. (7) do es

not hold, w e p erform a midp oin t sub division on the

patc h (or subpatc h) to get four new subpatc hes and

rep eat the 
atness testing pro cess for eac h of the new

subpatc hes. This pro cess is recursiv ely rep eated un til

all the subpatc hes satisfy Eq. (7).

A 1

A 5

2C

B 2

A 3

B 4

C 1

A 6
B 3 A 4

B 1

B 5
C 3

4
C 5

A 2

C

Figure 5: Crac k prev en tion.

F or a patc h (or subpatc h) that is adjacen t to an ex-

traordinary p oin t (i.e. ( u

1

; v

1

) = (0 ; 0) in Eq. (6)),

m is not �xed and m tends to 1 (see Figure 4). As

a result, Eq. (6) can not b e solv ed explicitly . One

w a y to resolv e this problem is to use nonlinear n umer-

ical metho d to solv e these equations. But n umerical

approac h cannot guaran tee the error is less than � ev-

erywhere. F or precise error con trol, a b etter c hoice

is needed. In the follo wing, an alternativ e metho d is

giv en for that purp ose.

Eq. (3) sho ws that S ( u; v ) and Q ( u; v ) b oth con-

v erge to S (0 ; 0). Hence, for an y giv en error tolerance � ,

there exists an in teger m

�

suc h that if m � m

�

, then the

di�erence b et w een S ( u; v ) and S (0 ; 0) is smaller than

�= 2 for an y ( u; v ) 2 [0 ; 1 = 2

m

] � [0 ; 1 = 2

m

], and so is the

di�erence b et w een Q ( u; v ) and S (0 ; 0). Consequen tly ,

when ( u; v ) 2 [0 ; 1 = 2

m

] � [0 ; 1 = 2

m

], the di�erence b e-

t w een S ( u; v ) and Q ( u; v ) is smaller than � . The v alue

of m

�

, in most of the cases, is smaller than 12. F or other

regions of the unit square with d log

1

2

u

2

e � m < m

�

, eq.

(6) can b e used to �nd the di�erence b et w een S ( u; v )

and Q ( u; v ) (see Figure 4). Therefore, b y com bining

all these di�erences, w e ha v e the distance b et w een the

giv en extra-ordinary patc h (or subpatc h) and the corre-

sp onding quadrilateral. If this distance is smaller than

� , w e consider the giv en extra-ordinary patc h (or sub-

patc h) to b e 
at, and use the corresp onding quadrilat-

eral to replace the extra-ordinary patc h (or subpatc h)

in the rendering pro cess. Otherwise, rep eatedly sub di-

vide the patc h (or subpatc h) and p erform 
atness test-

ing on the resulting subpatc hes un til all the subpatc hes

satisfy Eq. (7).

4 Crac k Elimination

Due to the fact that adjacen t patc hes migh t b e appro x-

imated b y quadrilaterals corresp onding to subpatc hes

from di�eren t lev els of the midp oin t sub division pro-

cess, crac ks could o ccur b et w een adjacen t patc hes. F or

5



instance, in Figure 3, patc h 2 is appro ximated b y one

quadrilateral but patc h 4 is appro ximated b y 4 quadri-

laterals and patc h 1 is appro ximated b y 7 quadrilat-

erals. Consider the b oundary shared b y patc h 1 and

patc h 2. On the patc h 2 side, that b oundary is a line

segmen t de�ned b y t w o v ertices : S ( D ) and S ( G ). But

on the patc h 1 side, the b oundary is a p olyline de�ned

b y four v ertices : S ( D ), S ( E ), S ( F ), and S ( G ). They

w ould not coincide unless S ( E ) and S ( F ) lie on the line

segmen t de�ned b y S ( D ) and S ( G ). But that usually

is not the case. Hence, crac ks w ould app ear b et w een

patc h 1 and patc h 2.

F ortunately Crac ks can b e eliminated simply b y re-

placing eac h b oundary of a patc h or subpatc h with

the one that con tains all the ev aluated p oin ts for

that b oundary . F or example, in Figure 5, all the

dashed lines should b e replaced with the corresp ond-

ing p olylines. In particular, b oundary A

2

A

5

of patc h

A

1

A

2

A

5

A

6

should b e replaced with the p olyline

A

2

C

4

B

4

A

5

. As a result, p olygon A

1

A

2

A

5

A

6

is re-

placed with p olygon A

1

A

2

C

4

B

4

A

5

A

6

in the render-

ing pro cess. F or rendering purp ose this is �ne b e-

cause graphics systems lik e Op enGL can handle p oly-

gons with non-co-planar v ertices and p olygons with an y

n um b er of v ertices. The p oin ts sho wn in Figure 5 are

p oin ts of the limit surface, not p oin ts in the parameter

space of the limit surface.

A p oten tial problem with this pro cess is the new

p olygons generated b y the crac k elimination algorithm

migh t not satisfy the 
atness requiremen t. T o ensure

the 
atness requiremen t is satis�ed ev erywhere when

the ab o v e crac k elimination metho d is used, w e need

to c hange the test condition in Eq. (7) to the follo wing

one:

p

d ( �u ; �v ) +

p

d ( ^u; ^v ) � � (8)

where ( ^ u; ^v ) and ( � u; �v ) are solutions of Eq. (6) and they

satisfy the follo wing conditions:

� Among all the solutions of Eq. (6) that are lo cated

on one side of Q ( u; v ), i.e. solutions that satisfy

Q ( u; v ) � 0, d ( ^ u; ^v ) is the biggest.

� Among all the solutions of Eq. (6) that are lo cated

on the other side of Q ( u; v ), i.e. solutions that

satisfy Q ( u; v ) < 0, d ( � u; �v ) is the biggest.

F rom the de�nition of ( ^ u; ^v ) and ( � u; �v ), w e can see that

satisfying Eq. (8) means that the patc h b eing tested is

lo cated b et w een t w o quadrilaterals that are � a w a y .

Note that all the ev aluated p oin ts lie on the limit

surface. Hence, in Fig. 5, p oin ts A

2

; C

4

; B

4

and A

5

of

patc h A

2

A

3

A

4

A

5

are also p oin ts of patc h A

1

A

2

A

5

A

6

.

With the new test condition in Eq. (8), w e kno w that a

patc h or subpatc h is 
at enough if it is lo cated b et w een

t w o quadrilaterals that are � a w a y . Because p oin ts

A

2

; C

4

; B

4

and A

5

are on the limit surface, they are

lo cated b et w een t w o quadrilaterals that are � a w a y . So

is the p olygon A

1

A

2

C

4

B

4

A

5

A

6

. No w the patc h (or

subpatc h) and its appro ximating p olygon are b oth lo-

cated inside t w o quadrilaterals that are � a w a y . Hence

the o v erall error b et w een the patc h (or subpatc h) and

its appro ximating p olygon is guaran teed to b e smaller

than � .

In previous metho ds for adaptiv e tessellation of sub-

division surfaces [7 , 5, 8, 12 ], the most di�cult part is

crac k prev en tion. Y et in our metho d, this part is the

simplest part to handle and implemen t. The resulting

surface is error con trollable and guaran teed to b e crac k

free.

5 Algorithms

In this section, w e discuss the imp ortan t steps of the

adaptiv e tessellation pro cess and presen t the corre-

sp onding algorithms.

5.1 Global Index ID

All curren tly a v ailable sub division surface parametriza-

tion and ev aluation tec hniques are patc h based [2, 4, 6 ].

Hence, no matter whic h metho d is used in the adaptiv e

tessellation pro cess, a patc h, from its o wn (lo cal) struc-

ture, cannot see v ertices generated b y adjacen t patc hes,

ev en the v ertices are generated on a common b ound-

ary . F or example, in Figure 5, v ertices C

4

and B

4

are

on the shared b oundary of patc hes A

1

A

2

A

5

A

6

and

A

2

A

3

A

4

A

5

. But patc h A

1

A

2

A

5

A

6

cannot see these

v ertices from its o wn structure b ecause these v ertices

are not generated b y this patc h. T o mak e activities

of adjacen t patc hes visible to eac h other and, conse-

quen tly , mak e crac k detection unnecessary , one should

assign a glob al index ID to eac h ev aluated v ertex so

that

� all ev aluated v ertices with the same 3D p osition

ha v e the same index ID;

� the index ID's are sorted in v and then in u , i.e., if

( u

i

; v

i

) � ( u

j

; v

j

), then I D

i

� I D

j

, unless I D

i

or

I D

j

has b een used in previous patc h ev aluation.

With a global index ID, crac k prev en tion is not a prob-

lem ev en with a patc h based approac h. Actually , sub-

sequen t pro cessing can all b e done with a patc h based

approac h and still p erformed e�cien tly . F or example,

in Figure 5, patc h A

1

A

2

A

5

A

6

can see b oth C

4

and

B

4

ev en though they are not ev aluated b y this patc h.

In the subsequen t rendering pro cess, the patc h simply

6



output all the mark ed v ertices (to b e de�ned b elo w) on

its b oundary that it can see to form a p olygon for the

rendering purp ose, i.e., A

1

A

2

C

4

B

4

A

5

A

6

.

5.2 Adaptiv e Marking

The purp ose of adaptive marking is to mark those

p oin ts in uv space where the limit surface should

b e ev aluated. With the help of the global index ID,

this step can b e done on an individual patc h basis.

Initially , all ( u; v ) p oin ts are mark ed white. If surface

ev aluation should b e p erformed at a p oin t and the

resulting v ertex is needed in the rendering pro cess,

then that p oin t is mark ed in blac k. This pro cess

can b e easily implemen ted as a recursiv e function. A

pseudo co de for this step is giv en b elo w.

Adaptiv eMarking( P , u

1

, u

2

, v

1

, v

2

)

1. Ev aluate( P , u

1

, u

2

, v

1

, v

2

),

2. AssignGlobalID( P , u

1

, u

2

, v

1

, v

2

),

3. if (FlatEnough( P , u

1

, u

2

, v

1

, v

2

))

4. MarkBlac k( P , u

1

, u

2

, v

1

, v

2

)

5. else

6. u

12

= ( u

1

+ u

2

) = 2

7. v

12

= ( v

1

+ v

2

) = 2

8. Adaptiv eMarking( P , u

1

, u

12

, v

1

, v

12

)

9. Adaptiv eMarking( P , u

12

, u

2

, v

1

, v

12

)

10. Adaptiv eMarking( P , u

12

, u

2

, v

12

, v

2

)

11. Adaptiv eMarking( P , u

1

, u

12

, v

12

, v

2

)

This routine adaptiv ely marks p oin ts in the param-

eter space of patc h P . F unction `Ev aluate' ev aluates

limit surface at the four corners of patc h or subpatc h

P de�ned on [ u

1

; u

2

] � [ v

1

; v

2

]. F unction `FlatEnough'

uses the metho d giv en in section 3 and Eq. (7) to tell

if a patc h or subpatc h is 
at enough. F unction `Mark-

Blac k' marks the four corners of patc h or subpatc h P

de�ned on [ u

1

; u

2

] � [ v

1

; v

2

] in blac k. All the mark ed

corner p oin ts will b e used in the rendering pro cess.

5.3 Adaptiv e Rendering a Single P atc h

The purp ose of this step is to render the limit surface

with as few p olygons as p ossible, while prev en ting the

o ccurrence of an y crac ks. Note that the limit surface

will b e ev aluated only at the p oin ts mark ed in blac k,

and the resulting v ertices are the only v ertices that

will b e used in the rendering pro cess. T o a v oid crac ks,

eac h mark ed p oin ts m ust b e rendered prop erly . Hence

sp ecial care m ust b e tak en on adjacen t patc hes or

subpatc hes. With the help of adaptive marking , this

pro cess can easily b e implemen ted as a recursiv e func-

tion as w ell. A pseudo co de for this step is giv en b elo w.

Adaptiv eRendering( P , u

1

, u

2

, v

1

, v

2

)

1. if (NoMark edP oin tInside( P , u

1

, u

2

, v

1

, v

2

))

2. RenderP olygon( P , u

1

, u

2

, v

1

, v

2

)

3. else

4. u

12

= ( u

1

+ u

2

) = 2

5. v

12

= ( v

1

+ v

2

) = 2

6. Adaptiv eRendering( P , u

1

, u

12

, v

1

, v

12

)

7. Adaptiv eRendering( P , u

12

, u

2

, v

1

, v

12

)

8. Adaptiv eRendering( P , u

12

, u

2

, v

12

, v

2

)

9. Adaptiv eRendering( P , u

1

, u

12

, v

12

, v

2

)

This routine adaptiv ely renders mark ed p oin ts in

patc h or subpatc h P . F unction `NoMark edP oin tInside'

tests if none of the p oin ts inside [ u

1

; u

2

] � [ v

1

; v

2

],

excluding the b oundary p oin ts, are mark ed. If all the

in terior p oin ts are in white (i.e. not mark ed), it returns

TR UE. F unction `RenderP olygon' is de�ned as follo ws.

RenderP olygon( P , u

1

, u

2

, v

1

, v

2

)

1. glBegin(RenderMo del)

2. Output all the mark ed p oin ts b et w een

3. ( u

1

; v

1

) ! ( u

2

; v

1

)

4. ( u

2

; v

1

) ! ( u

2

; v

2

)

5. ( u

2

; v

2

) ! ( u

1

; v

2

)

6. ( u

1

; v

2

) ! ( u

1

; v

1

)

7. glEnd()

6 T est Results

The prop osed approac h has b een implemen ted in C++

using Op enGL as the supp orting graphics system on

the Windo ws platform. Some of the tested results are

sho wn in Figure 6. W e also summarize those tested re-

sults in T able 1. The column underneath A j U in T able

1 indicates the t yp e of tessellation tec hnique (Adaptiv e

or Uniform) used in the rendering pro cess. The term

A/U r atio means the ratio of n um b er of p olygons in

an adaptiv ely tessellated CCSS to its coun ter part in

a uniformly tessellated CCSS with the same accuracy .

F rom T able 1 w e can see that all the adaptiv ely tes-

sellated CCSS's ha v e relativ ely lo w A/U ratios. The

error in the last column is absolute error. W e can eas-

ily see that, for the same mo del, the smaller the error,

the lo w er the A/U ratio. F or example, Fig. 6(g) has

lo w er A/U ratio than Fig. 6(h) and Fig. 6(i). The

same holds for Fig. 6(l) and Fig. 6(m). An in teresting

fact is that Fig. 6(f ) uses man y more p olygons than

Fig. 6(g) do es, while the former is less accurate than

the latter. This sho ws the presen ted adaptiv e tessella-

tion metho d is capable of pro viding a higher accuracy

with less p olygons. Ho w ev er, for di�eren t mo dels, com-

paring their absolute errors migh t not mak e practical

7



sense b ecause absolute error is not A�ne transforma-

tion in v arian t.

T able 1: Extra information of Fig. 6

Figure A j U p olygons A/U Ratio Error

Fig. 6(a) U 20480 100.00% 0.1

Fig. 6(b) A 4688 22.89% 0.1

Fig. 6(c) A 8017 8.26% 0.015

Fig. 6(f ) U 6912 100.00% 0.105

Fig. 6(g) A 2068 7.48% 0.050

Fig. 6(h) A 1432 20.72% 0.105

Fig. 6(i) A 412 23.84% 0.250

Fig. 6(k) U 22656 100.00% 1.0

Fig. 6(l) A 3048 13.45% 1.0

Fig. 6(m) A 2238 39.51% 1.5

Fig. 6(o) A 6654 28.15% 0.0003

Fig. 6(p) U 17088 100.00% 0.02

Fig. 6(q) A 11544 4.22% 0.01

7 Summary

An adaptiv e rendering metho d based on inscrib ed ap-

pro ximation for general Catm ull-Clark sub division sur-

faces is presen ted. The new metho d only ev aluates

those limit surface p oin ts that are needed in the �-

nal rendering pro cess, and it tak es almost no e�ort for

the new metho d to eliminate crac ks in the resulting

inscrib ed p olyhedron of the limit surface. Hence the

new m tho d is b oth computation e�cien t and memory

e�cien t.

Curren tly , all the metho ds for adaptiv e rendering

w ork on a patc h b y patc h basis. One of our future

w orks is to tak e the whole surface in to consideration,

so that not only the inner-patc h redundancy , but the

in ter-patc h redundancy , can b e eliminated as w ell.

Ac kno wledgemen t. Data set for Fig. 6(o) w as do wn-

loaded from the follo wing w eb site

h ttp://graphics.cs.uiuc.edu/ � garland/researc h/qua drics.h t ml.

The pac k age q sl im w as used to reduce the n um b er of

faces in this mo del to 500.
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(a) Uniform Ev aluation (b) Adaptiv e Ev aluation (c) Adaptiv e Ev aluation

(d) Mesh (e) Limit

Surface

(f ) Uniform (g) Adaptiv e (h) Adaptiv e (i) Adaptiv e

(j) Limit Sur-

face

(k) Uniform (l) Adaptiv e (m) Adaptiv e (n) Limit Surface

(o) Adaptiv e Ev aluation (p) Uniform Ev aluation (q) Adaptiv e Ev aluation

Figure 6: Adaptiv e rendering of surfaces with arbitrary top ology .
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