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Abstract Parameterizing a genus-0 mesh onto a unit sphere means assigg a 3D position on the unit sphere to
each vertex of the mesh, such that the spherical mapping indced by the mesh connectivity is not too distorted and
does not have overlapping areas. The non-overlapping requément is technically the most di cult component also
the most critical component of many spherical parametrizaion methods. In this paper we propose a fast spherical
mapping approach that can map any closed genus-0 mesh onto anit sphere without overlapping any part of
the given mesh. The mapping process does not require settingp any linear systems, nor any expensive matrix
computation, but is done simply by iteratively moving verti ces of the given mesh locally until a desired spherical
mapping is reached. Therefore the new spherical mapping appach is very fast and, consequently, can be used
for meshes with large number of vertices. Moreover, the iteative process is guaranteed to converge. Another
interesting phenomenon about this new approach is, it can geerate meaningful results without considering the
angle-preserving or edge-length-preserving constraintni the mapping process. Our apporach can be used for
texture mapping, remeshing, 3D morphing and, more importarily, can be used as input for other more rigourous
and expensive spherical parametrization methods to achiewmore accurate parametrization results. Several test
results are included to demonstrate the new apporach's cagality in performing spherical mapping without any
overlapping.

1 Introduction

Surface parameterization refers to the process of bijectsly mapping the entire surface or a region of the surface
onto a 2D plane, a 2D disk or a 3D sphere. Parameterization is aentral issue and plays a fundamental role
in computer graphics [19]. Parameterizing a 3D mesh means tcompute a correspondence between a discrete
surface patch and an isomorphic planar mesh through a piecege linear function or mapping. Parameterization
of 3D mesh data is important for many graphics applications,in particular for texture mapping, surface tting,
remeshing, morphing and many other applications. In practce, parameterization is obtained simply by assigning
each mesh vertex a pair of coordinates\, v) referring to its position in the planar region. Such a one-b-one
mesh mapping provides a 2D at parametric space, allowing oe to perform any complex graphics application
directly on the 2D at domain rather than on the 3D curved surf ace [17].

Perfect parameterization of meshes of arbitrary topology arrently is still unavailable [9]. Many parameteri-
zation techniques are only suitable for genus-0 meshes beacse of its simplicity and ubiquitous [9]. For example,
meshes for almost all the animals are genus-0. Closed manifiogenus-0 meshes are topologically equivalent to a
sphere, hence a sphere is the natural parameter domain for #m. Parameterization of a genus-0 mesh onto the
sphere means assigning a 3D position on the unit sphere to daof the mesh vertices, such that the spherical mesh
(having the same topology and connectivity of the orignal given mesh) is not too distorted and does not overlap.
There are some techniques that can be used to achieve less npépg distortion, such as harmonic mappings and
conformal mappings, which have been intensively studied reently and many nice methods have been proposed.
However, for most spherical mapping methods, satisfying tk non-overlapping requirement is still no gurantee,
although this requirement is a critical component of any splerical mapping process.

Considering the fact that most parametrization methods arestill very expensive and taking long time to achieve
a desirable mapping [12, 18, 19], in this paper we describe aew iteraitve approach for fast spherical mapping of
3D models from a genus-0 mesh to a 3D unit sphere. The new metdds easy to understand, easy to implement,
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and can achieve relatively good mapping results. More impdantly, our approach guarantees that the resulting
mapping has no overlapping area on the sphere. The basic ideia to rst project a closed genus-0 3D model
into a unit sphere, then using subdivison techniques to smoth out the overlapping areas in the sphere. The
projection and smoothing process do not require setting up ay linear systems, nor any matrix computation, but

is done simply by iteratively moving vertices of the genus-Omesh locally until a meaningful mapping without any
overlapping is reached. Therefore the new iterative methods very fast and consequently can be used for meshes
with large number of vertices. Moreover, the iterative progess is guaranteed to converge. The subdivision scheme
considered in this paper is Catmull-Clark subdivision schene [1]. But our approach works for other subdivision
schemes as well, such as Loop subdivision [3] or Doo-Sabinkglivision scheme [2].

The remaining part of the paper is arranged as follows. A brié review of previous techniques on surface
parametrization, spherical mapping, and subdivision suréces is given in Section 2. The basic idea of our spherical
mapping approach is presented in Section 3. The process of bfast spherical mapping technique based on Catmul-
Clark subdivsion technique is discussed in Section 4. In S#on 5, some test cases are shown and discussed.
Concluding remarks and future work are presented in the lastsection.

2 Previous Work

2.1 Related work on 3D model parametrization/spherical mam ping

Surface mapping or parametrization is a popular research tpic recently and has been intensively studied in the
last few years [9]. Many nice methods have been developed fgenus-0 or arbitrary topology meshes with the
former case being the focus, because for arbitrary genus ntess, a well-known parametrization approach can be
used to somehow segment the mesh into disk-like patches suthat each of the patches is genus-0. The challenge
of this approach is to obtain mappings that are smooth acrosghe patch boundaries and these methods, like
the one presented in [17], su ered from this problem althoudp recently Gu and Yau proposed a di erent method
to compute parameterizations that are globally smooth with singularities occurring at only a few extraordinary
vertices [18].

Among the many methods publiched on parametrizing genus-0 mshes, the majority is based on conformal
mapping [9]. A conformal mapping is a mapping that preservesangles between edges on the mesh. Perfrect
conformal mapping is di cult to achieve, hence most of the spherical mapping methods attempt to mimic con-
formal maps in order to preserve angles as much as possible lptimizing some constraints. In the following we
brie y summarize the many related recent works on sphericalparametrization using conformal mapping. Floater
introduced a mesh parameterization technique based on coex combinations [10]. For all vertices, their 1-ring
stencils are parameterized using a local parameterizatiorspace. The overall parameterization is obtained by
solving a sparse linear system with constrains of preservinangles. Quicken et al. parametrized the surface of a
voxel volume onto a sphere. Their nonlinear objective funcibnal exploits the uniform quadrilateral structure of
the voxel surface [11]. It tries to preserve areas and anglexf surface elements. Desbrun et al. presented a method
for computing conformal parameterization by minimizing the Dirichlet energy de ned on triangle meshes [12].
Gortler et al. proposed a mesh parameterization approach uag discrete 1-forms[14]. Their approach provided an
interesting result in mesh parameterization, however it fals to control the curvatures on the surface boundaries.
She er et al. presented an angle-based attening (ABF) approach, in which the changes of angles after attening
is minimized [15]. Grimm partitioned a surface into 6 pieces and maps these to faces of a cube, and then to a
sphere [13]. A priori chart of the surface partitions are usd as constrain in the spherical parametrization pro-
cess. Kharevych et al. [16] obtained lobally conformal pareeterization by preserving intersection angles among
circum-circles, each of which is derived from a triangle onlie given mesh.

2.2 Subdivision Surfaces

Given a control mesh, a subdivision surface is generated byadratively re ning (subdividing) the control mesh to
form new and ner control meshes. The re ned control meshes onverge to a limit surface called asubdivision
surface So a subdivision surface is determined by the given controinesh and the mesh re ning (subdivision)
process. The control mesh of a subdivision surface can coritavertices whosevalences(numbers of adjacent
edges) are di erent from four. Those vertices are callecextra-ordinary vertices. The limit point of a vertex is the
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point of the subdivision surface that is corresponding to tre vertex. It is well known that all the limit points can
be calucated directly from a given mesh. Popular subdivisia surfaces include Catmull-Clark subdivision surfaces
[1], Doo-Sabin subdivision surfaces [2] and Loop subdivisn surfaces [3].

Subdivision surfaces can model/represent complex shape afbitrary topology because there is no limit on the
shape and topology of the control mesh of a subdivision surfe. Subdivision surfaces are intrinsically discrete.
Recently it was proved that subdivision surfaces can also b@arametrized [7]. Therefore, subdivision surfaces
cover both parametric forms and discrete forms Parametric forms are good for design and representation,idcrete
forms are good for machining and tessellation (including FEmesh generation). Hence, we have a representation
scheme that is good for all graphics and CAD/CAM applications. Subdivision surfaces by far are the most general
surface representation scheme. They include non-uniform Bpline and NURBS surfaces as special cases [6]. In
this paper we only consider objects represented by CatmulElark subdivision surfaces. But our approach works
for other subdivision schemes as well.

3 Basic ldea

(a) original model (b) after projection (c) after smoothing

Figure 1: Spherical mapping using projection and smoothing

Given a genus-0 mestM with arbitrary topology, our task is to nd another mesh Q such that the new mesh
Q has the same topology and connectivity as the given mesM , meanwhile all the vertices of the new meshQ
lie on a unit sphere. The basic idea to achieve this is througtprojection and smoothing. First all the vertices of
the given meshM are projected (with respect to the center of the unit sphere)to a unit sphere. After this step
all the vertices are on a unit shpere. However, most likely tere would be some overlapping areas on the unit
shpere. Hence we need a second step to adjust the new mesh silbht no overlapping areas exists onQ. The
second step can be done with mesh smoothing techniques. Figu(1) shows the process of our spherical mapping
approach. Figure (1(a)) is the given meshM , Figure (1(b)) is the mesh after M is projected to a unit sphere.
Figure (1(c)) is the mesh obtained after smoothing, which ca be regared as a spherical mapping of the original
meshM because there is no overlapping in the sphere now.

The above process seems very simple and straightforward, bthe implementation is very tricky. For example,
in the rst step, how to position the unit sphere so that the re sults of the projection process will make the next
smoothing process easier and consequently achieve more ma&ful spherical mapping? If the unit sphere is not
positioned well, the given mesh could only be proejcted to pa of the sphere and some wide areas of the unit
sphere could be left empty without any vertices on it. For the second step, how to design an e cient smoothing
approach in order to remove all the overlapping areas on theghere is very important. The chosen smoothing
method will determine the nal quality of the spherical mapp ing results. In the following sections, we will present
our approaches to the projection and smoothing process.
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4 Spherical Mapping

4.1 Direct Calculation of the Limit Position of a Vertex

We need to calculate the limit positions of all the vertices n the spherical mapping process using any existing
subdivision techniques. In our method, we choose to use gera¢ Catmull-Clark subdivsion scheme. But similar
formulars can be derived for other subdivsion schemes as velBascially we need to nd a matrix A, such that
for a given meshM, A M is the mesh that all the vertices of A M are the limit points of M. The matrix A is
not needed in the implementation. The whole process can be de locally according to the matrix A. A can be
constructed as follows.

Figure 2: Vertex V and its neighboring vertices.

For generalized Catmull-Clark subdivision scheme, new fae points and edge points are calculated the same
way as the standard Catmull-Clark subdivision scheme, but he new vertex points are calculated di erently, using
the following formula

n 2 1 X 1 X
V0= SV o (VHEL EDF )
i=1 j=1
where 0 1 and f; are new face points after one subdivision [1]. When = 0, we get the standard
Catmull-Clark subdivision scheme. The limit point [5] of a vertex V; of degreen; can be calculated as:
L 1 X X
Vi —7ni(ni+5)(hivi+ b Ej+ B F)

where
bi =(ni Lni+n; + %
by =(2 +%+ %); if (Vi;V;)is an edge
bj =4=d;; if (Vi;V;)is a diagonal line of a face
bj =0; if Vi and V; do not belong to the same face

Note that in the above formula the surrounding faces could benot-four-sided (see gure 2). d; is the number of
sides of the face of whichi;V;) is an edge or a diagonal line. Note thatd; and d; could have di erent values
because faces adjacent to the edgé/(; V;) could have di erent number of sides. Butif (Vi; V) is a diagonal line
of a face, thend; = d; . According to the above de nition, we have

.. _— 1
" ni(ni +5)

by :

It can be proven [20] that all the eigenvalues of A belong to (01]. Therefore A M is guaranteed to converg to
a single point.

4.2 Mesh projection

The rst step of our spherical mapping process is to project he given mesh to a unit sphere. The key of this
step is to determine the center of the sphere because the pregtion is done with respect to the center of the
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sphere. The chosen center of the sphere has to be located idsi of the given mesh and has to be statistically
same distance from all the vertices of the given mesh as muchsgpossible so that after projection, there would
be no much distortion. There are many choices of positioninghe sphere. For example, average of all vertices,
centroid of the mesh, or others. However, none of them would garantee that the chosen point is inside the given
mesh considering that the mesh could be of arbitrary shape. flnot chosen properly, this step may fail or make
the following steps of the spherical mapping process more diult.

To make sure the chosen center is inside the given mesh and amximately close to all vertices, we need to
smooth the given meshMy = M. As we know subdivsion process is a smoothing process, heneg can use
subdivision technique to smooth the meshM,. However, we do not want to introduce any new vertices in the
process of subdivsion. To do this, we simply calculate the it positions of all the vertices of the given meshM g
repeatedly using the matrix A given in the previous section & follows.

MiZA Mi 1

In other words M; = A" M,. Because all the eigenvalues of A belong to (@], eventualy, wheni ! 1 | M;
becomes a single point [20]. Therefor#; tends to be more like a sphere when approachesl , which helps us
better position the projection sphere. The process for calglating the limit points of a given mesh is very fast
because it is a local operation. So it would not take much timeto get a smoother version of the given mesh. To
nd a good candidate for the sphere center, we have to take theontribution of each vertex into consideration so
that less distoration would be introduced in the projection process. In our implementation, instead of using the
centroid of the mesh, we use weighted centroid of the mesh, vith is calculated as follows.

C-= P—JNk, ) - Vk;
K i Vi G

where G is the centoid of the mesh (which is the average of all the veites), N is the total number of vertices in
the given mesh andVi and V, are the vertices of the meshM; (Note that it is not the given mesh M). Once we
have the sphere centeiC and M; (in our implementation, we use M 1p), we can project M; to a unit sphere with
respect to the center of the sphere.

4.3 Mesh smoothing

Once we have a desirable projection of the given meshl to a unit sphere, next step is to remove the overlapping
in the unit sphere. Again here we use subdivsion techniquesot smooth out the overlapping areas of the new
mesh Qo obtained from the projection process. For all vertices of msh Qg, we nd their limit positions using
the matrix A and then map them back to the unit sphere and then repeat the same procedure again and again
as follows.

Qi =PA Qi 1)

where P is the projection operator with respect to the chosen unit sfhere center. Becausd&); ; lies on a unit
sphere and matrix A is a smoothing operator, (A Q; 1) has less overlapping areas thaiQ; ;. So isQ;. Therefore
by repeating the processQ; will have less and less overlapping, and eventually it will lave no overlapping areas
at all. Because matrix A's eigenvalues are not bigger than oe, the above process is guaranteed to be convergent.
However, in order to remove all the overlapping areas irQ;, i does not have to be in nity. Q; will already be free
of overlapping after some number of iterations of the above moothing process.

The above process works ne theoretically. However, it conergs very slow. In order to remove all the
overlapping areas, it takes a lot of iterations. To overcomethis, we use the following two methods to speed up
the spherical mesh smoothing process. The rst one we can ugs to o set the vertex positions of Q; after each
iteration as follows.

Q=u (Q Q 1)+ Qi

where u is an o set factor, which has to be chosen carefully in order b keep the iteration process stable. In
our implementation, we chooseu = 0:25. The second one we can use to speed up the smoothing procésdo
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adjust the vertex postions of Q; after each iteration such that each vertex is locate at the catroid of its rst ring
surroudning triangles. The new location of a vertexVV can be calculated as follows.

X‘F. A
V = |k i,
S A

wherek is the number of surrounding triangles,A; is the area of theith spherical triangle and F; is the location

of the centroid of the ith spherical triangle, which is the projection of the averag of the vertex locations of the

triangle. The area of a spherical triangleABC on a unit sphere can be calculated explicitly as{ A+\ B+\ C ).
This above two methods will dramatically improve the convergence speed of the smoothing process, because

for a vertex with overlapping surrounding triangles, the two methods will adjust the location of this vertex to a

new location such that its surrounding trangles have much les overlapping areas. This is true because all the

vertices are on a unit sphere.

(a) original model (b) spherical mapping (c) resampling (d) remeshing

Figure 3: Remeshing using spherical mapping.

(a) Original Mesh (b) Morphing 1 (c) Morphing 2 (d) Morphing 3 (e) Morphing 4 (f) Morphing Final

Figure 4: Morphing of an object to a sphere

5 Test cases

The proposed approach has been implemented i€++ using OpenGL as the supporting graphics system on the
Windows platform. Quite a few examples have been tested withthe method described here. All the examples
have extra-ordinary vertices. Some of the tested cases aré@wn in Figures 3, 4 and 5 for remeshing, morphing
and texture mapping applications, repectively. For the remeshing application given in Figure 3, rst we get a
spherical mapping using the approach presented in this pape Then we use the method given by [19] to resample
the sphere using an octahedron and to map it back to the origial model to obtain a new mesh for the same
model. For the mophing example given in Figure 4, it is simplya linear animation of the given model and the
sphere obtained from the spherical mapping process. In the gsh sieres of the morphing process, some of the
meshes could be extracted to be used as new meshes for otherplgations. So this provides a way to generate
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(a) original model (b) spherical mapping (c) texture mapping (d) texture mapping

Figure 5: Texture mapping using spherical mapping.

new 3D models. For the texture mapping case given in Figure 5once we have the spherical mapping, there are
many ways to obtain the texture coordinates for each vertex.In this paper the method presented in [19] is used
to get the uv texture coordinates. From all the test cases, we can see thaven though our mapping process does
not try to preserve angles or edge length, the spherical magpg results are still meaningful and desirable. We

beleive some of the nice properties of subdision surfacesjch as convex hull property, contribute to this.

Figures 3, 4 and 5 demonstrate the capability of the new iteréive method in mesh spherical mapping. It not
only can smooth out all the overlapping areas, but maintainsmost of the geometric properties of the original
mesh as well. The new spherical mapping method can handle miess with large number of vertices in a matter
of seconds on an ordinary laptop (2.16GHz CPU, 2GB of RAM). Fo example, the model shown in gures 5, has
35948 vertices and 69451 faces and, the model shown in gurés has 23202 vertices and 46400 faces. It takes 55
seconds and 31 seconds to obtain the spherical mapping shovim gure 5(b) and 1(c) respectively. For smaller
meshes, like models shown in gures 3, and 4, the spherical npping process is done even quicker. Hence our
spheical mapping method is suitable for interactive appli@ations, where simple shapes with small or medium-sized
control vertex sets are usually used.

6 Summary and Future Work

A fast spherical mapping approach is presented which can magpny closed genus-0 mesh onto a unit sphere
without overlapping any part of the given mesh. The mapping process is straightforward and easy to implement.
It is achieved through mesh projection and smoothing and rdks heavily on subdivision techniques to locally
adjust locations of vertices such that the mapping has less idtortion and has no overlapping. Angle-preserving
and edge-length-preserving are not considered in the new npaing approach. But test cases show that the new
method can still obtain desirable results. The mapping pro@ss does not require setting up any linear systems, nor
any expensive matrix computation, but is simply done by iteratively moving vertices of the given mesh locally
until a desired spherical mapping is reached. Therefore thenew spherical mapping approach is very fast and
consequently can be used for meshes with large number of véses. Moreover, the iterative process is guaranteed
to converge. Our apporach can be used for texture mapping, maeshing, 3D morphing, and more importantly,
can be used as input for other more rigourous and expensive bprical parametrization methods to achieve more
accurate parametrization results. Some test results obtaied using this method are included and they demonstrate
that the new pporach can achieve spherical mapping results ithout any overlapping.

A disadvantage of our method is that it could fail for some cags. In some cases, one needs to tune some
parameters in the implementation to achieve better results One of our future research works is to investigate
the reasons to improve our method. In addition, in order to ge a desirable spherical mapping, the stop criterion
of iteration used in our implementation is simply controlled by user iteraction. This is because we do not have a
metric for measuring the quality of spherical mapping yet. We will work on it to obtain better quality of spherical
mappings in the near future.
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